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Abstract

In this paper, an alternating direction Galerkin finite element method is presented
for solving 2D time fractional reaction sub-diffusion equation with nonlinear source
term. Firstly, one order implicit-explicit method is used for time discretization, then
Galerkin finite element method is adopted for spatial discretization and obtain a fully
discrete linear system. Secondly, Galerkin alternating direction procedure for the
system is derived by adding an extra term. Finally, the stability and convergence of
the method are analyzed rigorously. Numerical results confirm the accuracy and effi-
ciency of the proposed method.

Keywords
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1. Introduction

In this paper, we consider the following two-dimensional nonlinear fractional reaction-

subdiffusion equation

%X’t): oD [ V- (AVU(x1))=xu(xt) |+ f (u,x.t) "
(x,t)eQ; =Qx(0,T],
with boundary and initial conditions
{u(x,t):o (x,t)eaQx(0,T], @)
u(x0)=(x) x<0,

where O<a <1, A=diag(x,«,), #(x) is sufficiently smooth function. For sim-
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plicity, we assume coefficients «;, x, and Kk are positive constants in this paper. In
fact, our method and its corresponding theoretic result are also valid for variable coeffi-
cients. oD “u(x,t) is the Riemann-Liouville time fractional derivative of order 1-«
defined by [1]

w 0 o
, Dt u(x,t):a[th u(xt)], 3)
where ,D;“ denotes the Riemann-Liouville fractional integral operator defined as [1]

o DU (x,t) = '[tu(x,s)(t—s)“'lds, a>0. (4)

I (a)*
In addition, we assume that the nonlinear source term f (u, X,t) satisfies the Lipschitz

condition with respect to U, Ze, there exists a positive constant L such that

|f (U, x,t)—f (uz,x,t)| <Llu -u,|, Yu,u, eR.

Problem (1) can be considered as a model for reaction-diffusion phenomena with
anomalous diffusion, which has been widely applied in various fields of science and en-
gineering. Generally, solutions of (1) can’t be obtained by analytical approach. So, there
are various numerical methods developed for solving (1). Li and Ding [2] proposed
higher order finite difference methods for solving 1D linear reaction and anomalous-
diffusion equations. Zhuang, Liu and Anbh, et al. [3] presented an implicit finite element
method for solving 1D nonlinear fractional reaction-subdiffusion process. Dehghan,
Abbaszadeh and Mohebbi [4] analyzed a meshless Galerkin method with radial basis
functions of 2D linear fractional reaction-subdiffusion process. Yu, Jiang and Xu [5]
derived an implicit compact finite difference scheme for solving 2D nonlinear fraction-
al reaction-subdiffusion equation.

Alternating direction implicit (ADI) method was proposed by Peaceman, Rachford
and Douglas [6] [7] [8] in 1950’s for multidimensional differential equations of integer
order, which could reduce original multidimensional problem into a sequences of one-
dimensional problems. Since the first ADI based finite difference (FD) scheme pre-
sented for 2D space fractional diffusion equation by Meerschaert, Scheffler and Tadje-
ran [9], there are many literatures about various multidimensional fractional differen-
tial equations numerically solved by ADI technique. The following problem is always
discussed:

" o%u o%u
thUZKla?‘l'sz‘f‘f(xay,t); (5)

where §Dfu is Caputo fractional derivative of order s defined as [1]

¢ Dfu(x,y,t) =

1 J‘l(t _ )m—a—l o%u

F(m—a) 0 ot (lelg)dg, m-l<a<mmeN,

In the case of 0<a <1, Zhang and Sun [10] presented an ADI FE scheme and ana-
lyzed its stability and convergence property by energy method. Cui [11] constructed a
compact ADI FD scheme and discussed its stability by Fourier method. In the case of
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l<a <2, Zhang, Sun and Zhao [12] proposed a Crank-Nicolson compact ADI FD
scheme, where stability and convergence property are also proved by energy method.
Wang and Vong [13] presented another compact ADI FD scheme, where the original
equation was first transformed into an equivalent form and then discretized by com-
pact FD scheme combining with ADI technique. Li, Xu and Luo [14] presented an ADI
finite element (FE) scheme for Equation (5), where stability and Z, error estimate are
analyzed. ADI orthogonal spline collocation (OSC) scheme was developed by Fair-
weather, Yang and Xu, et al [15] for solving Equation (5); stability and error estimate
in various norms H J'(j =0,1,2) are given. The equivalent form of Equation (5) as

following

au o @ o’u
ool ('ﬂyﬂf@]*f(x,y,t). 0<a<l, ©)

is also often studied. For instances, Cui [16] presented a compact ADI FD scheme,
where the local truncation error was analyzed and the stability was discussed by the
Fourier method. Furthermore, the author analyzed the cause of low time accuracy
when @ €(0,1/2) and gave a remedy. Zhang and Sun [17] proposed a Crank-Nicol-
son compact ADI FD scheme for Equation (6), where stability and two error estimates
are proved rigorously by energy method. Yao, Sun and Wu, et a/ [18] first transformed
Equation (6) into an equivalent form of Caputo fractional derivative and then derived a
compact ADI FD scheme. Their numerical experiments show better numerical perfor-
mance than the scheme in [16]. Compact ADI FD schemes were also derived for solv-
ing 2D/3D linear time fractional convection-diffusion equations [19] [20] [21] and 2D
linear time fractional diffusion equations of distributed-order [22] [23].

There are also lots of ADI based numerical methods for multidimensional space frac-
tional differential equations. Fast iterative ADI FD schemes [24] [25] are designed for
2D/3D linear space fractional diffusion equations, which are first order accuracy in
both time and space and have the advantage of low computational work and low mem-
ory storage. High order accurate ADI FD schemes are proposed for 2D linear space
fractional diffusion equations [26] [27] and two-sided space fractional convection-dif-
fusion equations [28], which are based on weighted and shifted Griinwald operators or
Lubich operators approximating Riemann-Liouville fractional derivatives respectively.
Spectral direction splitting methods [29] are derived for 2D space fractional differential
equations. Semi-implicit alternating direction FD scheme [30] and ADI FE scheme [31]
are used for solving 2D fractional Fitz Hugh-Nagumo monodomain model, which con-
sists of a coupled 2D space fractional nonlinear reaction-diffusion equation and an or-
dinary differential equation, on irregular domain and rectangle domain respectively.
ADI Galerkin-Legendre spectral method [32] is developed for 2D Riesz space fractional
nonlinear reaction-diffusion equation.

Most of the above mentioned works contribute on linear fractional differential equa-
tions and finite difference method combined with ADI technique. A few work consider
ADI FEM [14] [31] or nonlinear fractional differential equations [30] [31] [32]. Com-
pared with FD method, FE method has the advantage of easily handling variable coeffi-
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cients problem and boundary conditions. And many realistic problems involve nonli-
near fractional differential equations. Based on these motivations, our attention in this
paper will focus on developing ADI FE schemes for efficiently solving a class of nonli-
near time fractional differential equations. This is the first time ADI FE scheme pro-
posed and analyzed rigorously for nonlinear fractional differential equations. We will
use problem (1.1) as a model problem to illustrate our approach.

The outline of this paper is organized as follows. In Section 2, we introduce some
preliminaries and notations which will be used later. The formulation of ADI finite
element method for nonlinear time fractional reaction-subdiffusion equation is pre-
sented in Section 3. The stability and error estimates of the proposed method are dis-
cussed in Section 4. In convenience of computation, we give the matrix form of ADI fi-
nite element scheme in Section 5. Some numerical experiments are displayed in Section
6. It aims to confirm our theoretical results. In the end, some concluding remarks are
given in Section 5.

In the following, C and C; denote generic positive constants independent of 7,

N and n,and their value will not be the same in different equations or inequalities.

2. Preliminary and Notations

Let Q be a bounded and open domain in R?*. Denote the inner product and norm
on L*(Q) by

2
(f.9)=],F()a(x)ax | f["=(f.f)
Recall that the Sobolev space H*(Q) is the closure of C*(Q) in the norm

2\Y2
o2y

X1y

Mc=| X

0<p+rp<k

Denote by Hg(Q) the closure of C; () in the norm |{,; it is well known that an

equivalent norm on Hg(Q) is
2 Jl/ 2
If X isanormed space with norm ""x , recall that

(0T X):{v:[O,T] o X Mz = ([0 at] <oo},

2

ov

OX

ov

oy

+

M =¥ [

and
L (OTX) = [0T] > X e = 509 u(0), <)

Denote Z = {V|V,Vx,vy,vXy e? (Q)} . Let /\/lh‘r (r > 2) be the finite dimensional sub-
space of H;(Q) and satisfy

'A/lh,r cZn Hé(Q)’
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and

" (v-7)

inf Zh 2iay)

2€Mar| m=0  i,j=01,
i+j=m

<Ch°|v|,, veH*(Q)NnZnH(Q), 2<s<r.

In convenience, the following notations will be used. For a positvie integer N, let
t,=nr, n=01---,N where 7= T/N is the time step. Denote the grid function

u(xt,)=u", f(u",xt)="f(u").
Define linear operator £:Hg(Q)— L*(Q) by
Lu:=-V-(AVU)+kU, 7)
and its variational form
(Lu,v), =(AVU,VV)+x(u,V),

and corresponding energy norm by

Jull, = (£u,u) 1/2 ("AVZVu" +K‘||U|| )
Obviously, we have

(£uv), <[ully M.

Some useful lemmas are given as follows.
Lemma 1. 3] Let

=(j+1)"-j*, j=012

then w; satisfy the following properties
1) w, =1, W >0, j=0,1,2,---,
2) w; >W;,, j=012:
Lemma 2. [3] If y(t)eC*[0,T], then

n-1
ODt_ay(tn+l)_ODt_ay(tn):/u|:y(tn+1)+zo<wj+l_wj)y<tnj):|+Rr:’
0<n<N-1

where u=1"[T(a+1), R} is bounded by

<Cw, 7"

Rn

We state here for convenience the discrete version of Gronwall’s inequality.
Lemma 3. [33] Suppose that ¢, and y are nonnegative functions defined for
t=nz,n=0,1,---,N, and that y 1isnondecreasing. If

k-1
&+ < 1 +Crz¢n, k=0,1---,N,
n=0

where C s a positive constant, then

¢ +v, < 7%, k=01---,N

K2
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3. Formulation of ADI FEM

Integrating both sides of (1) with respect to the time variable t from t, to t ,,and

noticing the definition (3) and (7), we can obtain

U™ " = D7 [~L](t.) — oD (Lu) (8 )+ [ F (u,x ). (8)

n

Applying Lemma 2 and the following integration formula
jl:+lf (uxt)dt=zf(u")+0O(z*),

Equation (8) is equivalent to

n—:

umt +y[£u”*:l + (Wj+1 -W, )Lu”'}: u"+zf (u”)+ R,, 9)

1
j=0
where the remainder term R, =R +O (12) can be bounded by

IR, |<Cw,z. (10)

The weak form of Equation (9) is: find u"™" e Hg(Q) such that forany ve Hg(Q),

()] (202), ) 232, |

:(un,v)ﬂ(f(u“),v)+(Ra,v), 0<n<N-L1.

n—

1
j=0

(11)

Then the finite element approximation to Equation (11) is: find U" € M, such that
forany VeM, .,

AN

n—

(U ”*1,v)+y{(cu”“,v)A+ )

1l
o

J

(2w )(eu™ )|

=(U”,V)+r<f (u)v) 0<n<N-1,
or equivalently
(1+ /m)(u ”*1,V)+u(AVU "*ﬂvv)
=(U",v)+u§(wj —wm)[(Avu“-i,vv)m(u “-i,v)}(ff (u)v) (12)
=0

0<n<N-1

The choice of the initial values U° will be discussed later.
Let E™ =U""—-U", then U™ =E"™™ +U", (12) can be transformed into

(1+ux)(E™V )+ u( AVE™, WV
=K U”,V)—y(AVU",VV)

KD
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n-1 i i (13)
(W= wi g )[ (AU, W )+ (U V) |+ (2 £ (U7) V),
=0
0<n<N-1,
so that the alternating-direction Galerkin scheme of (1) can be defined as, for
n=0,---,N-1,
341
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2 2pn+l 2
(E™V )+ £ (AVE™, v )4 A1 (aE GV]:‘{I”(V%VVGMJ' (14)

1+ ux (L+ux)* | Oxdy " oxdy
where
‘P”(V):1+IUK[—,uK(U”,V)—,u(AVU”,VV)J -
n-1 . ‘ 15
1:;”(;(%—WM)[(AVUM,vv)+/<(un—1’V)}l:ﬂ’((f(Un)’v).

Remark 1. Numerical experiments in Section 6 demonstrate that the ADI Galerkin
finite element scheme (14) has bad numerical performance for 0<a <1/2. Similar
phenomena have been reported in [11] [16] and [17], where compact ADI finite differ-
ence schemes are designed respectively for solving 2D linear time fractional sub-diffu-
sion equations. To construct ADI finite element method, the third term

HPK K, [aZE”+l oV J
(L+ )\ Oxdy " oxdy

in left hand side of (14) is extra added. Its effect on temporal accuracy cannot be ig-

nored when 0<a <1/2. To balance it, we can add a correction term

W KK, [EZE” 62V]
(1+,u1c)2 oxay ' oxey

on the right hand side of (14). By the way, the similar remedy was also adopted by [11]

(16)

[16] in finite difference framework.
In conclusion, when 0<a <1/2, it is beneficial to use the following scheme for
nx1

2 2En+l
(En+l,V)+ H (AVE”+1,VV)+ ,UK1K22£6 E ,anqu,n(V)’ wWeM,,, (17)
1+ ux (1+ux)”\ Oxdy ~ Oxoy ’

where

g (V) =" (V)+ 1K K, [GZE” oV J
(1+ ,uic)z OXcy  Oxaoy
W" is defined by (15). And for n=0 the approximation is still given by (14).

In the following, we will focus our attention on the ADI Galerkin finite element
scheme (14).

4. Stability and Error Estimate

Firstly, we introduce some notation and lemmas. Given a smooth function u(x,t),
define W:[0,T]> M, by

(AV(U-W),VV )+x(u-W,V)=0, VW eM,,, (18)

or equivalently

(L(u-W),V) =0, WeM,.

342
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The operator defined in (18) has the following approximate properties:

Lemma 4. [34] Let n=u-W for k=0,1,2, p=2,0, j=0,1 there exists a con-
stant C, independent of meshsize h, such that
o'
ot

ou
k

<Ch*l , 1<s<r. (19)

LP(Hi) LP(HS)
0 o
Lemma 5. [33] If D denote the operators d“E and o then

o (o)
OXoy

(20)

<Ch™?|Duf, +Ch?|

where d\V" = (V" —V”'l)/r.
Lemma 6. Let L and w; are defined in (7) and Lemma 1, respectively. For any
positive integer N and Ve Hg(Q), let

n-1 )
T(vn+1) (Evml n+l)A_|_IZ:(:)(WJ.H_WJ_)(L:Vn—J’VnH)A7 n=01... 1)
then it holds that
:Z;;T(Vnﬂ)_%kzxw +W, 1) aks i >0, vk>1.

Proof. When n=0, it is easily get 7 (vl
that

) = "vl”2 > 0. Now we consider n>1. Note
A

2
n+1
v 1

A

(LVnJrl Vn+1) _
! A

(Evn—j an+1>A S%( Vi vn+1

A

and w; >w;,, , we get

2

-1
T(Vn+1)2 v ZA_%HZO(WJ WJ+1)( Vel 2 n+1 A)
j=
1 2 1 n-1 e
:5(1+wn) Vi _ZjZ,(:)(W WH) v |A.
By direct algebraic calculation, and noticing the properties of w; in Lemma 1, we
obtain
n+1 n+l 2 1 ki n-j 2
ZT >||V ” + 1+W ) Vol _EZ;ZO(WJ' _WJ'+1) v |A
n=1j=
k=1 k=2
15 @) -2 )
n=0 n=0
k-1
(W, + W,y )V i >0.
n=0
The proof is completed.

Next, we consider the stability of the ADI Galerkin method (14). Define the follow-
ing problem dependent norm for any ve ZnHg(Q),
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av

-+ 5 2

1+ ux

12
] , (22)

Assume the initial value U° has an error 6U°e M, , , which will cause the solution
of ADI Galerkin scheme (14), U“*(0<k <N -1), has a perturbation sU"" e M,,.
Then the stability property of ADI Galerkin methods can be represented as following:

Theorem 1. The ADI Galerkin method (14) is stable with respect to initial value U 0

in the problem dependent norm (22), ie., there exist a positive constant ® which

which will be used in stability analysis.

independent of k such that
N Suk+

<o’

holds forany 0<k<N-1.
Proof. The equivalent form of (14) is:

n+ n+ G n—j 2 az d U " azv
r)eaiewra) S, -wewrw) 2 L)
=(UnV)+e(FUn)V).
Then the perturbation equation of (23) can be written as

(00 (£07) o ) o0 v), |

n+1
+f:u2’(1’(2[ [thU ]]GZV]:(&Jn,V)JrT(gf”,V),
1+ ux Oxoy Xy

(24)

where 61" = f(Un +5U")— f (U”) and VeM,, .
Taking V =26U"" in (24), employing Schwartz inequality and the notation 7 (),

2
J (25)

Further, by Lipschitz property of f and Schwartz inequality, we can estimate the
right hand side of (25) as

yields
2

n+ 62 N+
o[- @(5“ ) -

(éU n+1)+ #2K1K2 {
1+ ux

& o
oy V")

<2z|5f"|-[lou™.

2r| (26)
Summing for n=0,1,---,k in (25) and using (26) and Lemma 6, we can write
2 2 2
||5uk+1 2+/’l K]_KZ a (5uk+1)
1+ ux ||oxoy
g (27)

S |
1+ ux 6x8y

For sufficiently small 7 , it follows from (27) that

344
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o°
oxoy

||5LJ k+1 2 1u K1K2

(5Uk+1

oo

1+ UK
Using discrete Gronwall inequality, we have

62 k+1
@(5“ )

2
2 KK
L H R

2
2 2
Jout <C,fJlou’]| e < fJouc| e

1+ ux

Let ® = CleCZT , we conclude Wé‘U kel

< @mé‘U Om . The proof is completed.

Theorem 2. Let U and {U n}N denote the solutions of (1) and (14) respectively.

Assume that U e L”(Hr),ut el? ((O,T]; Hr),uxyt el? ((0 T] ), where r>2 . Then,
for v sufficiently small,

< (r" +h' ),
provided the initial value U° satisty

o

||U w°||+r ay(UO ~we)l<ch.

Proof Denote &£"=U"-W" n"=u"-W", then U"-u"=¢&"-pn". With W asin
(18) we have from (11) that

(w ”*HV)+/{(5W V), ¢ g(wm -w,)(ew v )A}

+Tﬂ2K1K2 62[ Wn+1J oV
oxoy

1+ ux oxoy

(28)
=(W”,V)+(z—f(u")+R ,V)—r(dtn"”,V)
+T;UZK1K2( (d umt dnml) ﬂj
1+ ux | oxoy ‘ G
Subtracting (28) from (23) leads to
I IR N
z',u KK, az[d QEMJ oV
1+y1( oxoy  oxoy (29)

=(&"V)+e(F(U)=F(U")V)=(R,V)+2(dn™ V)

2 2 2
+ H KK, 0 (dtnml_dtuml)’ 0 vV
1+ ux | Oxoy oxoy

Taking V =2&™, by Schwartz inequality and using the notation 7 (-), then (29)

reduces to
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n+. n 2
§n+1 2 _|len 2 (é:n+l)+/12K1K2 825 ' _ 625
1+ ux | || OXoy oxoy
< 2( ||dl’7n+1 )' §n+l (30)
2 2 2 gn+l
+ 2Ky, || O (dtnml_dtuml) 1o7¢
1+ ux  ||OXoy oxoy

Now, by Young inequality and Schwartz inequality, we can write

l oo s el +loarF el
2||Ra||. §n+1 ”R "2 AW, §n+1 ||R " +aw, §n+1 i,
62 n+l n+1 azgnﬂ 62 n+l n+l ’ azgml ’
2‘@((:1177 _dtu ) axay < axay(dtf] —dtu ) + axay .

Substitute the above three inequalities into the right hand side of (30), and sum for
n=0,1---,N -1. Employing Lemma 6, we can write

2

2 ,u Kk, [[07EN
|k ” l+;; oxoy

o o S 2)+”z‘1||R I

- OXoy n=0 n=0 HW, “
+CNZ4Tﬂ2 8_2(d ’7n+1_dun+l)2 Zﬂ’ﬁ’% Gl SE
=7 oxoy V! ‘ 1 1+ ux ||oxoy

By discrete Gronwall inequality, if 7 sufficiently small, we can estimate

e 2
1+ ux | Oxoy
2 -
sc{"go"aﬂz gxgy }cj;}( o[ +for)

2

az (dtnml _dtun+1) .

+—§: Py

Consequently, we obtain
||¢N|rsc{||f°|r+u2

+Z

8250

OXoy

n n+l

o

(31)

2]+C§T( )

a;y (dtnml _ dtun+1) )

Using the triangle inequality and (31), we get

346

K
0:{2: Scientific Research Publishing



P. Zhu, S. L. Xie

- <c(fe +fT)

T ) e

2 0|2 _
2] e el o
2

62
@(dtnnﬂ _dtun+1) ]

>R ey
+ +
n=0 MW, “ n:OTIu

n

It remains to estimate terms on the right-hand side of (32). Firstly, by Lemma 3, we

can conclude
2
[ [ <ol 2y = 0 Bl (33)

2

2 r
<Nl iy < CO* i) (34)

n

n

N-1
dr
n=0

By (10) and u=17"/T (a +1), we easily get

= K 2 = 2+a a_2+a a 2
Zyw ||Ra|| SCZWnr =CN ™™ =CT“¢". (35)
n=0 n n=0

Secondly, using calculus equality

a_ Lot
de"™? :; :n 1’7t(s)ds

and Holder inequality, we have

||dt77”+1 7 (S)"2 ds.

2 < 1 J‘tml
<l
Further, combined with Lemma 3, we can write

S n+1|2 S i1 2 T 2
Selaar [ < S (F o= [l (9 o

KD
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(36)
2 2 2
:||77t"|_2(|_2) <Ch™ ||ut"|_2(H')'
Since
82 n+ 82 n+
—(dn™)=d,| ——n"" |,
oxoy oxoy
similar as (36), we can prove
- ) 2 T
Yol ()| <[22
n=0 6X8y 6X6y LZ(LZ)
Additionally, according to Lemma 3 and Lemma 4, we have
2
2
SR <ont -
Oxoy Lz(l_z)
As a result, we obtain
347
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2

N= 2 |l 6%
n+1 < O T <Ch2(r72) 2a 2
,Ll T u 2 r\- (37)
Z(; X ay( ) oxay LZ(LZ) " t"L(H )
Similar as (37), we can write
N ) 2 T
Said 0 (dum)| <u’ U T (38)
n=0 OXoy OXoy Lz(l_z) NG )

Combining (33)-(38), and recalling r>2 gives

max

0<n<N

U" —u ||<CT +h)

provided U° is chosen so that "50" and 7

§°/axay|| are (’)(hr) . This com-
pletes the proof.

Remark 2. Although in our theoretic analysis, we only obtain O(r“) accuracy in
temporal error, numerical experiments in Section 6 demonstrate that temporal error is
O(z) if 1/2<a<1. Checking the above analysis process, we will find the error esti-
mates in (37) and (38) are obstacles to obtain O (T) temporal error theoretically. This
suggests we may take alternative analysis techniques to improve the error estimates in
(37) and (38).

Note that we may choose the initial approximation as U° =W?, where W° from
(18),

(AV(#-W°), WV )+ x(-W V) =0, WV eM,.

This involves an elliptic problem to be solved. With this choice,
|&°]=Ivel=lo°e foxey] =

In practical computations, it is often sufficient to take U° as interpolants of ¢ in

M-

5. Matrix Form of ADI FEM

Equations (14) define the ADI finite element method in inner product form. To describe
the algebraic problem to which these equations lead, suppose M, =My @ M) ,

where M, and M/, are finite-dimensional subspaces of H (1), and let {goi 0, }NX'NV

i=1,j=1
be a tensor product basis for M, , where {g, }IN: , and {Hj }Tfl are bases for the sub-

spaces M, and M, respectively. Let

Ny Ny

U"(xy) =23 A"0 ()6, (¥),

i=1 j=1

so that

Ny N\/
E™ () =22 e ()6, (v) 1 =B - A

i=1j=1

For convenience, we denote
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l=,ulc/(1+/ﬂc), and A =,u;ci/(1+,ulc), i=12.

If in (14) we choose V =¢, 0, ,k=1---,N,m=1,---, N, , and then
Ny N
Zi{(cﬂﬂ,-,wk@m){ﬂl(co{@j D00 )+ 2 (156,00 ) |+ 22 (016], 0103 )| 7T =" (39)

i-1 j=1

We define the matrices

C =(.[|¢i (X)(Dj (X)dX) Cy =(.[|(9i (y)aj (y)dy)N xN

1
Ny xNy yxNy

B, =([@/()e; (k) . B, =([&(¥)6; (v)dy)

NyxNy
and let
B =[ﬁff),ﬂf;’),---,ﬂf,ﬂ’j,ﬂﬁf)w--,ﬂ&‘jky]T,
with ;/(p) defined similarly. Then the matrix form of (39) is
[C,®C, +4B,®C, +4C, ®B, + 44,8 ®B, |y =w", (40)

where, from (14), the components of ¥ are given by

n-:

Wi = {(lcx ®C, +4B,®C, +4C,® By){—/ﬂ") + 3 (w, _Wm)ﬁm—n}}
k,m

1
=0

+1+1:w((f (Un)1(ﬁk9m),

and ® denotes the tensor product. We may factor (40) in the form
[CX ®l,, +4B,® |Ny][|Nx ®C, +1, ®14,B, |y" =),
which is equivalent to
[(C.+4B @1y, [7m =0,
[1, ®(C, +4,B,)|/" =7,

where | and I denote the identity matrices of order N, and N, respectively.
Thus we determine 7/(”*1) by solving two sets of independent one-dimensional prob-

lems, first
(Co+ 4B ) =9l m=12,-,N,,
in the X -direction, where 7, = (}%m Voms* s P )T , followed by

(Cy +Asz)7’|(n+l) =?;|(n+1)’ =12, er

.
in the y -direction, where y, = ( Vi }/,,Ny) . Clearly the computation of each of

(n) (n)

the vectors 7' and »'" is highly parallel.

6. Numerical Experiments

In this section, two numerical examples are given to demonstrate the effectiveness and
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accuracy of the ADI Galerkin finite element methods. In all numerical examples, we

take the linear tensor product basis

0, ( ) XEF(leil]7

411 X), X €[ Xi_1y X |
2 (=114, (%), xe[x %],

0, X€|:Xi+l’XNX:|’

where ¢ (X)=(x=x)/h,h =%, -%. 6;(y) is constructed in a similar way. In all
examples, we will take the same spatial step size h in each direction, ie. h*=h/=h.

In our numerical simulation, we present the errors in > norm
err(z,h)= ||U N oM ||

and numerical convergence orders are computed by

err(2z,h err(z,2h
= Ing( ( )J: n = Ing( ( )j

err(z,h) err(z,h)

Example 1. Consider the following problem
au(x,y,t) ol OU(XY,t) D%u(Xy,t)
———=oD 2 + 2

ot OX oy
(% y,t)eQx(0,T]

—u(x,y,t)} f(u,xy,t),

where
6 . . . .
f(u,x,y,t)=-u®+| ———t** + 2t |sin xsin y +t*sin? xsin? y,
(uxy.t) (F(2+a) J y y

with initial and boundary conditions

u(xy,t)=0, (x,y)edoQ0<t<T,
u(x,y,0)=0, (xy)eQ,
where Q=(0,m)x(0,m), T =1. The exact solution of this equation is
u(x yt)=t?sinxsiny.

Table 1 shows the Z* norm errors and the temporal convergence orders for a = 0.6,
0.7, 0.8, 0.9 with fixed h=mr/64 using ADI Galerkin finite element scheme (14).
Computational results in Table 1 illustrate that our ADI Galerkin finite element
scheme has first order accuracy in time, which is better than our predicted o order in
Theorem 2.

To investigate the necessary of the correction term (16) in ADI scheme (17) if

O<a< % , we have compared the two ADI Galerkin finite element scheme (14) and (17)

for @ =0.1,0.2, 0.3, 0.4, with fixed h=m/64. For saving space, we only present the
comparison results of « =0.1 in Table 2, the others cases are similar. The first three
columns of Table 2 show the Z* norm errors and its corresponding temporal conver-

gence orders using ADI scheme (14). Computational results demonstrate the temporal
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Table 1. I? errors and temporal convergence orders, fixing & = n/64.

a=0.6 a=0.7 a=0.8 a=09

i err(t, h) Ve err(z, h) Ve err(t, h) Ve err(t, h) Ve

1/8 7.54e—02 -- 8.59e—02 - 9.52e—02 - 1.03e-01 -
1/16 3.71e-02 1.02 4.45e—02 0.95 5.00e—02 0.93 5.43e-02 0.92
1/32 1.83e-02 1.02 2.27e-02 0.97 2.56e—02 0.97 2.76e—02 0.98
1/64 8.89¢-03 1.04 1.13e-02 1.01 1.27e-02 1.01 1.36e-02 1.02
1/128 4.13e-03 1.11 5.37¢-03 1.07 6.02e—03 1.08 6.44e—03 1.08
1/256 1.70e-03 1.28 2.31e-03 1.22 2.61e-03 1.21 2.81e-03 1.20

Table 2. Comparison between ADI scheme (14) and (17) for a= 0.1, A= 1/64.

ADI Scheme (14) ADI Scheme (17)
T err(t, h) Ve T err(t, h) Ve
1/64 8.48e-02 -- 1/16 6.96e—02 --
1/128 8.45e-02 0.01 1/32 3.37e-02 1.05
1/256 7.99e-02 0.08 1/64 1.61e-02 1.07
1/512 7.37e-02 0.12 1/128 7.43e-03 1.12
1/1024 6.71e-02 0.14 1/256 3.19¢-03 1.22

convergence order is 0.1, which also suggest our theoretical order o proved in Theo-
rem 2 is optimal. The last three columns of Table 2 display the Z* norm errors and its
corresponding temporal convergence orders using ADI scheme (17). As we can see, the
experiment convergence order is approximately one now. It indicates that the correc-
tion term (16) in ADI scheme (17) is beneficial to keep the temporal accuracy. In a
word, Table 2 shows ADI scheme (17) has better numerical performance than ADI

scheme (14) if O< « <%.

Table 3 shows the I* norm errors and the spatial convergence orders for a = 0.6,
0.7, 0.8, 0.9 with fixed 7=1/5000 using ADI Galerkin finite element scheme (14). The
numerical results in Table 3 suggest our ADI Galerkin finite element scheme gets
second order accuracy in space, which is consistent with our theoretical result in Theo-
rem 2.

Example 2. Consider the following problem
au(x,y,t) el (X Y,t) %u(xy,t)
— =0 7t 2

ot Ox oy
(X, y,t) € QX(O,T]

—u(x,y,t)} f(ux,y.t),

where

f(uxyt)=-u’ +[ e + ZtJ xy (1-x)(1-y)+t°x°y°* (1- x)3 (1- y)3 ,

r(2+a)
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with initial and boundary conditions

u(x,y,t)=0, (x,y)edQ,0<t<T,
u(x,y,0)=0, (x,y)eQ,
where Q=(0,m)x(0,7), T =1.The exact solution of this equation is
u(x yt)=t’x(z-x)y(z-y).

The nonlinearity of Example 2 is stronger than Example 1. In the following simula-
tion, we have to take much smaller temporal step 7 than Example 1 to obtain good
numerical performance. Table 4 shows the I? norm errors and the temporal conver-
gence orders for @ = 0.6, 0.7, 0.8, 0.9 with fixed h=7/64 using ADI Galerkin finite
element scheme (14). Computational results in Table 4 illustrate that our ADI Galerkin
finite element scheme is first order temporal accuracy again, if 1/2<a <1.

Table 5 displays the comparison between the two ADI Galerkin finite element
scheme (14) and (17) for « =0.2, with fixed h=r/128. From Table 5, we can con-
clude that: 1) The first three columns show the order of temporal accuracy of ADI
scheme (14) is 0.2 for o =0.2, confirming our theoretical result in Theorem 2 again; 2)
The last three columns illustrate the ADI scheme (17) has first order temporal accuracy,
indicating the essentiality of the correction term (16) to keep temporal accuracy once
again; 3) To obtain the same level of temporal truncation error, ADI scheme (17) can
take much smaller time step 7 than ADI scheme (14) due to its higher accuracy. It
also suggests that high order of temporal accuracy is important to time-dependent non-

linear problem.

Table 3. I? errors and spatial convergence orders, fixing 7= 1/5000.

a=0.6 a=0.7 a=0.8 a=0.9
g err(t, h) Vi err(t, h) Vi err(t, h) Vi err(t, h) Vi
/8 5.63e—02 -- 5.60e—02 -- 5.57e—02 -- 5.54e—02 --
n/16 1.41e-02 2.00 1.40e-02 2.00 1.39e-02 2.00 1.38e-02 2.01
/32 3.33e-03 2.04 3.39¢-03 2.05 3.36e-03 2.05 3.33e-03 2.05
/64 7.50e—04 2.19 7.21e-04 2.23 7.06e—04 2.25 6.93e—04 2.26

Table 4. I? errors and temporal convergence orders, fixing A = n/64.

a=0.6 a=0.7 a=0.8 a=0.9
i err(t, h) Ve err(t, h) Ve err(t, h) Ve err(t, h) Ve
1/32 5.78e—01 -- 5.84e—01 -- 5.89e—01 - 5.93e—01 -
1/64 2.83e-01 1.03 2.86e—01 1.03 2.89e-01 1.03 2.91e-01 1.03
1/128 1.38e-01 1.04 1.40e-01 1.03 1.41e-01 1.04 1.42e-01 1.04
1/256 6.62e—02 1.06 6.71e—02 1.06 6.77¢—02 1.06 6.81e—02 1.06
1/512 3.06e—02 1.11 3.10e—02 1.11 3.13e—02 1.11 3.15e—02 1.11
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Table 5. Comparison between ADI scheme (14) and (17) for a= 0.2, A= 1/128.

ADI Scheme (14) ADI Scheme (17)
T err(t, h) Ve T err(t, h) Ve
1/512 4.12e-02 -- 1/128 1.42e-01 --
1/1024 3.57e-02 0.21 1/256 6.99e—02 1.02
1/2048 3.08e-02 0.21 1/512 3.42e-02 1.03
1/4096 2.58e-02 0.26 1/1024 1.64e-02 1.06

Table 6. I? errors and spatial convergence orders, fixing 7= 1/5000.

a=0.6 a=0.7 a=0.8 a=0.9
A err(t, h) Va er(t, h) Va err(t, h) Va err(t, h) Va
/8 3.85e-01 -- 3.82e-01 -- 3.79e-01 -- 3.76e-01 --
/16 9.93e-02 1.95 9.85e-02 1.96 9.77e-02 1.96 9.70e-02 1.95
/32 2.35e-02 2.08 2.32e-02 2.09 2.30e-02 2.09 2.28e-02 2.09
/64 4.29e-03 2.45 4.20e-03 2.47 4.13e-03 2.48 4.06e—-03 2.49

Table 6 shows the I? norm errors and the spatial convergence orders for a = 0.6,
0.7, 0.8, 0.9 with fixed 7 :]/5000 using ADI Galerkin finite element scheme (14). It
can be shown from Table 6 that the numerical results are in accordance with the theo-

retical analysis in Theorem 2.

7. Conclusion

In this work, we proposed an alternating direction Galerkin finite element method for
2D nonlinear time fractional reaction sub-diffusion equation in the Riemann-Liouville
type. The stability and convergence of the method are proved for « €(0,1). Numerical
results show that our error estimate is optimal. Like the other ADI schemes [16] [17],
the temporal accuracy of our ADI Galerkin finite element method becomes very low if
a €(0,1/2) . A remedy is introduced by adding a correction term (15) to keep temporal

accuracy.
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