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Abstract

In this paper we introduce the concept of Ramadan Groupgrahtéransform substitution (RGTS)
method to solve some types of Partial differential equati This new method is a convenient way to find
exact solution with less computational cost as compardd méthod of separation of variables (MSV)
and variation iteration method (VIM). The proposed metbkoldes linear partial differential equations
involving mixed partial derivatives.

Keywords: Nonlinear partial differential equations; Ramadan Qrodransformation; Adomian
decomposition method; Laplace substitution method.

1 Introduction

Nonlinear partial differential equations (NLPDEs) inkiog mixed partial derivatives are mathematical
models that are used to describe complex Phenomena anishegworld around us. The nonlinear equations
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appear in many applications of science and engineering ssc fluid dynamics, plasma physics,
hydrodynamics, solid state physics, optical fibers atieer disciplines. In the recent years, many authors
mainly had paid attention to study solutions of NLPDEs &ingi various methods, for example variation
iteration method, Adomian decomposition [1] and Laplace dubisti method [2]. Partial differential
equations have big importance in Mathematics and othelsfidl science. Therefore, it is very important to
know methods to solve such partial differential equatiome &f the most known methods to solve partial
differential equations is the Ramadan Group transformT)R®@ethod [3,4] which is considered to be the
generalization of the known integral transforms as aegltransform method [5,6,7,8] and Sumudu
transform method [9]. The key motivation for pursuing theoftesintegral transforms is that it gives a
simple tool which is represented by an algebraic problefmeiptocess of solving differential equations. An
intrinsic structure and properties of Laplace-typedgraktransforms , see Hwajoon Kim [10].

In this paper we try to solve some types of partitiledintial equations using the proposed RGTS method.
In the following section we give a summary for RGT.

2 Ramadan Group Transformation (RGT) [3,4]

A new integral Ramadan Group transform (RGT) defined forctfans of exponential order, was
proclaimed. We consider functions in the set A, defined by:

I
A={f(t):OM,t,t, > Ost]f (t)| < Me™ ,ift 0 (-1)" x[0,00)}

The RG transform is defined by

[e ' futdt -t <us<O

K(s,u) =R f ();(s,u)] =4°,
Je'f(udt O<u=<t,
0

This transform which is a generalization of Laplacel Sumudu transforms is introduced by M.A. Ramada
et al. [3,4] and, accidentally and unpredictabiywas also introduced by Z. H. Khan and W. A. Klijiak
under the name of N-Transform. A theoretical staflthis natural transform is investigated by Flgdeem
and R. Silambarasan [12]. Further investigationsthe new integral transform on time scales and its
applications is considered by H. A. Agwa et al][13

Consider F(s) = L(f (t)= [ef(t)dt and G(u)=[e'f(ut)dt, are the Laplace and Sumudu integral
0 0

transforms respectively, then we can write theofelhg theorem.

Theorem 1[3]

K(sD=F(s) . KALW=0WU), KEu==FC)

Theorem 2 [3]

suppose K(s,u) is the Ramadan Group transformeofunctionf (t) then
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df(t)):sRG(f(t)—f(O) d2f(t)

S?RG(f (t)) - sf (0) - uf '(t)
2

R , R =
« dt u G( dt? ) u
n n n-1aN-k-1 ¢ (k)
And in general RG(i) - SRATW) > S f_k ©
dt" u" k=0 u"

Ramadan Group transform of some functions

F(t) RG(f (1)) = K(s,u)
1 K(s,u) :%
! K(s,u) =5
tn-1 K un—l
(n-1)! (s =
1 N
T K(su) = Tsu
et K(s,u) = . _lau
e u
k ! —
(8w (s-au)?
sin(wt) - u
—w K(su) = T 0t
cos(wt) K(s,u) = . 52 .
u‘w
sinh@t) _
a K(su) = <2 + 4232

The main goal of this paper is to describe new owtfor solving linear partial differential equatin
involving mixed partial derivatives. This powerfidethod will be proposed in Section 3; in Sectiowel
will apply it to some examples and in last secti@ngive some conclusion.

3 Ramadan Group Integral Transform Substitution (RGTS) Method

The aim of this section is to discuss the Ramada®integral transform substitution method. Wesider
the general form of non homogeneous partial difféaéequation with initial conditions is given logl

Lu(x, y) + Ru(x,y) =h(x,y) (3.1)
u(x0=f(. u,0y)=9(x). (32)
62
Here L = v Ru(x, y) is the remaining linear term in which containdyorof first order partial
X

derivatives ofu(X,y) with respect to eithexor y and h(x,y) is the source term. We can write
equation (3.1) in following form
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U | Rux,y) = h(x, V)
oxoy ’ ’

0 ,0u _
EV (a—y) +Ru(x, y) =h(x,y)

Putting g_u =U (X, y) in equation (3.3), we get
y

Y | Ru(x, y) = h(x,y)
ox

Taking Ramadan Group transform of equation (3.4) waspect to x, we get

sSRG[U(x,y)]-U 0O.y)
u

RG[U(x,y)] = %U ©.y) +% RG[h(x, y) - RuXx, y)]

=RG,[h(x,y) - Ru(x, y)]

RGU(x y)] = %Uy ) +% RG[h(x y) - Rux,y)]

RGU(x y)] = % a(y) +% RG[h(x, y) - Rux y)]

Taking inverse Ramadan Group transform of equgBds) with respect to x, we get

U(xy)=g(y) + RG{l[% RG,[N(x, ) - Ru(x, Y)I]

Resubstitute the value of U(X, y) in equation (2v& get

aug;, y) — g(y) + Rq(_l[% RQ([h(X' y) - RU(X. y)]]

This is a first order partial differential equationthe variables x and y.

Taking Ramadan Group transform of equation (3.7) wéspect to y, we get
SRG[u(x, y)] = f(X) +uRG[g(y) + RGfl[% RG[h(x,y) = Rux, y)]]
RG[u(x )1 = % f(x) +% RG[g(y) + RG{l[% RG[h(x,y) = Rux, y)I]

Taking the inverse Ramadan Group transform of eégu#8.8) with respect to y, we get
u(x, y) = f(x) + RGy_l[% RG[g(y) + RG[l[% RG[h(x, y) = Rux, )]II

The last equation (3.9) gives the exact solutiomitial value problem (3.1).

In the following section we will apply RGT for Pt Differential Equations.

(B.3

(3.5)

(3.7)

(3.8)

(3.9)
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4 Applications of RGTS Method

Example 1.
Consider the partial differential equation
2

U = eV cosx (4.1)
oxoy

With the initial conditions

u,0,y)=0, u(x0=0, (4.2)
_ oy _d« _ .
and general linear termh(X, y) =€ ¥ cosx, Lu(x,Y) —ax—ay , Equation (4.1) we can write in the
following form
0 ,du _
—(=—) =€ cosx, 4.3
aX( 3 y) 4.3)
: . .au
In Equation (3.3), substannatl%ﬂ); =U , we get
oy =e "’ cosX, (4.4)
0 X

This is the non homogeneous partial differentialagipn of first order. Taking Ramadan Group transfon
both sides of equation (4.4) with respect to xgee

SRGU(xYI-UQy) _ -y
u =RGJ[e "’ cosx]

_.—yu, s
RGJ[U(x y)]=e yE(SZ +u2) (4.5)

Taking inverse Ramadan Group transform of equgdds) with respect to x, we get

U(x,y)=e¥sinx . Thatis w =e Ysinx (4.6)
y

This is the partial differential equation of fiatder in the variables x and y. Taking Ramadan @integral
transform of equation (4.6) with respect to y, ve¢ g

SRG[u(x, y)] —u(x0) _ -y o
' =RG,[e"Y sinx]

sinX

u
R vl =
Gy[u(x, y)] 5+ 0) “n

Taking inverse Ramadan Group integral transformgofation (4.7) with respect to y, we get
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u(x,y) =sinx@-e”) 4.8)
This is the required exact solution of equation This can be verifying though the substitution.

Example 2. Consider the partial differential equation

2

=sinxsin 4.9
oxdy y (4.9)

with the initial conditions
u, (0,y) =-=2siny and u(x,0) =1+ cosx (4.10)

In the above example assume that batf(X,y) and u,(X,y) are differentiable in the domain of

2 2
definition of function u (x ,y) [Young's Theorenilhis implies that Ou _ou
Oxdy  0yox

Given initial conditions (4.10) force to write teguation (4.9) in the following form and use thestiiution.

M _y (4.11)

Y =sinxsiny (4.12)
ox

This is the non homogeneous partial differentialagipn of first order. Taking Ramadan Group tranmsfon
both sides of equation (4.11) with respect to xget

SRGU(x N]-UOy) _

" =RG[sinxsiny]
_ =2 . u . u
RG,[U (x, y)] —?s,lny+§smy[s2 +uz]
RGIU (x )] = -sinyC -1 )
’ s s(s?+u?) (4.13)

Taking inverse Ramadan Group transform of equddat3) with respect to x, we get

U (%, y) = —-siny(l+ cosx)

w = —siny(L+ cosx) (4.14)
y

This is the partial differential equation of firstder in the variables x and y. Taking Ramadan rou
transform of equation (4.14) with respect to y,ge¢
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sRQj[u(x, y)] —u(x,0) _ 2u : 1+ cosx)
u ST +u
RG,[u(x, )] = (STSUZ) (L+ cosx) (4.15)

Taking inverse Ramadan Group integral transformqafation (4.15) with respect to y, we get

u(x, y) =cosy(l+ cosx)

This is the required exact solution of equatio®)4This can be verifying though the substitution.
Example 3. Consider the partial differential equation
Consider the partial differential equation

0% f

+eY =0 (4.16)
oxoy

with initial conditions
f,Oy)=-e¢? , f(x0)=¢ (4.17)
Equation (4.16) we can write in the following form

% (g_;) = Y (4.18)

Putting g—; =U in equation (4.18), we get

U (4.19)

This is the non homogeneous partial equation ef firder. Taking Ramadan Group transform on batéssi
of equation (4.19) with respect to x, we get

SRGU(x YI-UQy) __ e~
u s—-u

—aY
RGU( Y === e

eV
R U , =
GIU () =~ w20

Taking inverse Ramadan Group transform of equgdd?0) with respect to x, we get
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U(xy)=-e7
o (XY) _ _gev
oy

Taking Ramadan Group transform of equation (4.21) vespect to y, we get

qu,[ f(xy)]-f(x0) _ _ e*
u T s+u

RG\/[f(X,Y)]:e—SX—ﬁeX

Taking inverse Ramadan Group transform of equgdd??) with respect to y, we get

f(xy)=e"

(4.21)

(4.22)

(4.23)

This is the require d exact solution of equatiod @} which can be verified through the substitution

Example 4. Consider the partial differential equation

9°f
oxdy

=e* +e*cosy
With initial conditions
f,Oy)=1, f(x0=0

Equation (4.24) we can write in the following form

9 (ﬂ) =e" +¢e"cosy
ox oy

_of . :
Putting 6_ =U in equation (4.26), we get
y

o _ e* +e*cosy
ox

(4.24)

(4.25)

(4.26)

(4.27)

This is the non homogeneous partial equation ef irder. Taking Ramadan Group transform on batéssi

of equation (4.27) with respect to x, we get

SRGU(XxYI-U@Oy) _ 1 4 cosy
u S-u s-u
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RGIUX )] =2+—4 +

s s(s-u) s(s-u) oy

Taking inverse Ramadan Group transform of equgdd?B) with respect to x, we get

U(x y) =e* +(e* —1)cosy

o e* +(e* -1)cosy
oy

Taking Ramadan Group transform of equation (4.2€) respect to y, we get

SRGIf(x Y- f(x0) _e s

u s sz+u2(e -
L u X
RGy[f(x,y)]—?e +m(e )

Taking inverse Ramadan Group transform of equgdds0) with respect to y, we get

f(x,y) =y€ +siny(e* -1)

This is the required exact solution of equatio243. Which can be verify through the substitution.

5 Conclusion

(4.28)

(4.29)

(4.30)

(4.31)

In this paper, Ramadan Group Transform SubstituRBTS) Method is applied to solve partial diffetiah
equations in which involves the mixed partial datives and general linear term. The proposed mletha
generalization of any integral transform substitntavailable methods for this type of considerasbfams.
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