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Abstract

We derive some of the standard results on limits of elementary functions defined on subsets of
real-line, whose rigorous proofs are often avoided in the routine teaching and learning of calculus.
For proofs, we essentially follow the Weierstrass’s systematized modern formalization of Cauchy’s
idea of transforming the concept of limit into “the algebra of inequalities”.
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1 Introduction

Calculus has found highest place in modern science since its main discoveries by Newton and Leibniz,
and its rigorous development by Cauchy, Weierstrass, and Riemann [1, 2]. In fact, the essence of
calculus is well described in the following mesmerizing quote by John von Neumann [3].
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“The calculus was the first achievement of modern mathematics and it is difficult
to overestimate its importance. I think it defines more unequivocally than anything
else the inception of modern mathematics, and the system of mathematical analysis,
which is its logical development, still constitutes the greatest technical advance in
exact thinking.”

However, the students often find the subject difficult. One reason behind their difficulty may be that
the rigorous treatment of the subject matter is often avoided by their calculus teacher during school
and college studies. For instance, the students often come across the following simple calculation
on limit, when the calculus is just introduced to them.

lim ‘”2:11 = lim wz im z4+l=@=1)+1=2 (L1
rx—1 T x—1 z x—1
(2 #1) (2 #1) (x #1)

where x # 1 is assumed until the last step, and then, suddenly, z = 1 is used to get the limit equal
to 2. The use of z = 1 in (1.1) can be explained rigorously by using the € —§ definition of limit, that
is, we may consider for a given real number € > 0, [t + 1 — 2| = |z — 1] < € for |z — 1| < §, where
we choose § = e. Alternatively, the function defined by g(z) = = + 1 is continuous at point z = 1
so that limg—,1 g(x) = g(1). However, here, the continuity of the function g must be established by
a mean independent of the concept of limit, which can be done using Cauchy’s idea of continuity
via convergence.

As an another example, if a student is not exposed to the rigorous treatment of the subject, he never
x
seems to have understood why lim,_, (1 + i) is different from 17 or why it exists at all? The

real problem arises when such a freshman enters University for graduate studies, and the proofs of
many such standard limits are often presumed by his calculus Professor. So, even after completing
his post-graduation in Mathematics, he lacks the firm foundation in calculus. In this regard, the
present exposition may be helpful to the one who is looking for the proofs of standard results on
limits at one place, which otherwise are not done in lectures, and many of them are left as exercises
in the textbooks on calculus.

Throughout, the reader is assumed to have some familiarity with the algebraic properties and
the order properties of real-line such as “the least upper bound property” and “the archimedean
property”. The symbols N, Q4+, Q, Ry, and R denote the set of positive integers, the set of all
positive rational numbers, the set of all rational numbers, the set of all positive real numbers, and
the set of all real numbers, respectively. A subset A of R is said to be bounded above if there is a
real number M, such that a < M for all a € A. Such a real number M is called an upper bound
of the set A, and a real number « is said to be supremum of the set A (provided it exists) denoted
sup A if (i) « is an upper bound of A, and (ii) if 8 < « then, 8 is not an upper bound of A. The
set A is said to be bounded below if there is a real number m, such that m < a for all a € A. Such
a real number m is called a lower bound of the set A, and a real number + is said to be infimum
of A (provided it exists) denoted inf A if (i) v is a lower bound of A, and (ii) if v < p then, p is
not a lower bound of A. A subset of R is called bounded if it is both bounded above as well as
bounded below. By the completeness property of real-line, if a set of real numbers A is bounded
above (bounded below), then, sup A (inf A) always exists in R. The archimedean property says that
for any two positive real numbers z and y satisfying x < y, there exists a positive integer n, such
that y < nz [4, 5].

If § C R, which is bounded above, then the real number sup S is unique. To see this, let a = sup S
and 8 =supS. If a < S, then, 8 being sup S, « is not an upper bound of .S, which is absurd since
a =supS. So, a > f. On applying the same argument after interchanging o and 3, we will get
B > a. So, a = . Similarly, if inf S exists then it is unique.
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Before proving the next result, we will establish equality of given two real numbers via an inequality.
We assert that for any z,y € R, x = y if and only if the difference |z — y| can be made as small
as we wish, that is, for every € > 0, |z — y| < e. For proof, if x = y then |z — y| = 0 < € holds.
Conversely, suppose |z — y| < € for every € > 0. If possible, let |z — y| > 0. We take € = |z — y| and
apply the given hypothesis to get |z — y| < e = |z — y| or 1 < 1, which is absurd. So, z =y.

We also need the Bernoulli inequality, which we state as follows. For any real number ¢t > —1,
(148" > (1+nt), (1.2)

for all n € N, which can be proved using induction on n.

2 Preliminaries

Theorem 2.1 (Existence of nth root). Let x € Ry, and let n € N. Then there exists exactly
one y € Ry, such that y" =

Proof. Let S={y | y" <z, ye RL}. As0< 15 < 1, we have (H_%)n < 15 < @, which shows
that ( —) € 5. So, S # 0. By Bernoulli’s inequality, (1 +2)" > (1+nx) > (1 +nt") > nt"™ > t"
for all t € S, which shows that the set S is bounded above. By the least upper bound property, let
a =sup S. Note that a > 0. We will show that a™ = z. So, let € > 0 be given. It will be enough

to show that |z — a™| < e.

If k is any positive integer satisfying o > %, we will show that | % — 1| < £, for some fixed positive
real number c. For proof, observe that (a — %) is not an upper bound of S. So, there is some
t € S, such that 0 < (a— £) < ¢, which gives (a — %)" < t" <z, that is, (o — ) € S. Also,
1

(aJr 1) which implies (a+%) & S. So, (aJrl)" . Now we have (af )n <z < ( %)n

&
or (1 — %)n < &< (1 + é)n Thus, —% < M < (a% — 1) < % where We define
( k{(l + &))" — 1} > 0, which satisfies g(—k) < g(k), and g(k) = 230 () (ka), T <
Ly (1)1 =g(1/a), since & < 1. So, we have | % — 1| < £, where we take ¢ = g(1/a).

By archimedean property, choose a positive integer IV, such that w < eand a > % Then we
have !Ofn —1| < w<e. So, Zw =lora™ =x.

Now, if 8 is another positive real number, such that 8" = =z, then it is clear that 8 = sup S =
a=g. (I

Definition 2.1 (nth positive root). For z € Ry and n € N, if @ € R4, such that a™ = z, we call
a = Yz the nth positive root of z. Further, if % € Q,q > 0, we define the rational exponentiation
of z by the rational number £ to be the real number zi = (Yx)P.

Let x be a positive real number, and let n € N. Let y be the positive real number, such that
y = ¥/x. By the above definition, y" = z, and we have

@-D=@"-D=@u-DE" " +y

which shows that z > 1 if and only if y > 1, and 0 < = < 1 if and only if 0 < y < 1, since
("' 4+y" 2+ .. +y+1)>0fory>0.

n—2

+. 4y +1), (2.1)

Also note that z"/™ = (/z)" = " = z. If a = 2 and b = 7, where [p[, |m|, ¢, n € N, then

pn4+qgm pbn  gm ya

2t =g = (/)P = (/)P (}/x) T = g = zaan = 2%’ Also, if 24 =y
then y? = ((¥z)P)? = ((¥2)?? = ((¢z)?)P = zP. Now if we let 2° = y and y° :zsothatz:(x“)b
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then, 2P = y? and y™ = 2", which implies 2P™ = 9™ = 29", from which we obtain z = x «n = 2.

Thus, the laws of rational exponentiation z°7® = z%2® and (2%)® = 2 hold for all a,b € Q. It is
also easy to show that for z,y € Ry, (zy)* = 2%y for all a € Q.

qm

2.1 Convergence

A sequence of real numbers is a map = : N — R, where for each n, z(n) denoted z, is called the
n-th term of the sequence. The sequence z is denoted by {z,}. A sequence {z,} is said to be
(i) monotonically increasing if z, < x,4+1 and (ii) monotonically decreasing if z, > zn41 for all
n € N. A sequence which is either monotonically increasing or monotonically decreasing, is called
a monotonic sequence. A strictly increasing (decreasing) sequence can be defined in a similar way
by requiring strict inequality <(>) between its consecutive terms.

Definition 2.2 (Convergence). A sequence of real numbers {z,} is said to converge to a real
number z, if for a given ¢ > 0, there is a positive integer N, such that |z, — x| < € for all n > N.

If the sequence of real numbers {z,} converges to x, we express this as z, — x and write z =
limy,— oo Tn.

Convergence of sequences in R is unique in the sense that if z, — = and z, — vy in R, then
x = y. For proof, let € > 0 be given. Choose N1, N2 € N, such that |z, — z| < €/2 for all n > N,
and |z, —y| < €/2 for all n > Ny. Define N = max{Ni, No}. Then for all n > N, we have
lz—yl=lz—antan -yl <[z —an|+|yn —y| < 5+ 5 =€ So,z=y.

It is useful to note that in order to establish that the given sequence {z,} converges to the real
number z, it is sufficient to take 0 < € < 1 and find N corresponding to €, such that|z, — x| < € for
allm > N.

The following standard result can be proved easily.

Lemma 2.2. Let {zn} and {yn} be two sequences in R, and let z,y € R.
(a) If xnw — © and yn — y then (xn +yn) = = +y, and (czn) — cx for any fized ¢ € R.
(b) If zp, = x and yn, — y then (Tpyn) — Y.

(c) If ¢, — =, and x© # 0 then (ﬁ) — %, where it is understood that i is defined whenever
Tn # 0.

Theorem 2.3. A monotonic sequence of real numbers is convergent if and only if it is bounded.

Proof. Without loss of generality, let {z,} be a monotonically increasing sequence of real numbers.
If £, — « for some z € R then there is a k € N, such that |z, —z| < lorz—1< z, < z+1 for all
n > k. Define m = inf{z — 1, z1,...,25—1} and M =sup{z — 1,21,...,2k—1}. Then m <z, <M
for all n, which proves that {z,} is bounded.

Conversely, let {z,,} be bounded. Let o = sup{z,}, and let € > 0 be given. Then o — € < a, so that
a — € is not an upper bound of {z,}. Then there is a positive integer N, such that a —e < zny < a.
Since 2y < zn+41 < ..., and z, < « for all n, we have |z, — | < € for all n > N, which proves
that ., — a. O

Remark 2.1. The proof of Theorem 2.3 shows that if {x,} is a monotonically increasing, bounded
sequence of real numbers, then z,, — sup,,{z»}. A similar observation can be made for a monotonically
decreasing, bounded sequence {y»} of real numbers, which will converge to inf,{yn»}.
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Example 2.4. For 0 < z <1 and k € N, consider the sequence {z,}, n € N, where z, = nFam.

Note that n*2™ — (n + 1) z"! = pFa” (1 -1+ %)k m) >0 forn > Ny = Ji,fﬁ, which proves
that the given sequence is strictly decreasing for all n > N, and is bounded below by 0. So, by
Theorem 2.3, the given sequence is convergent.

Alternatively, let x = W, and consider the following using (1.2)
(L+9)" " > (14 ng)* > ()™ (2:2)
which gives 0 < n®(1 4 y) "¢+ < yk%% or 0 < nFz" < M (k,z)L, where
M(k,a) = e > 0.

(1 — ot/ (k+1))ht1

Now for any € > 0, choose N € N, such that M(k,z) < Ne. Then for alln > N, nfa" <
M(k,x) % <e. So, xn — 0.

Example 2.5. The sequence {z"}, where 0 < |z| < 1 converges to 0. For proof, let € > 0 be given.

Since (1—|z|) > 0, by archimedean property, find N € N, such that 0 < £ < (1—|z|)e for alln > N.
Now use Bernoulli’s inequality to obtain ﬁ = (1 + ﬁ - 1) >14 n(%l - 1) > n(ﬁ - 1). So,
wehaveO<|x"|<ﬁ< m <€ forallmn > N. Thus, " — 0.

Example 2.6. Letr € R, where 0 < |r| <1, and let xn =14+7+...+ ™~ for each n € N. Since
r™ — 0, choose N € N, such that |r™| < (1 —r)e for allm > N. Now consider the following for

— o n _
nzN, |zn — 1ir-‘:|22=1074m7$|:|11:: - 11r|:% < (11%7»)6:6’ So, T — 5.

2.2 Continuity and limit
Let A and B be two nonempty subsets of R.

Definition 2.3 (Continuity). A map f: A — B is said to be continuous at a point = € A if for
every sequence {z,} in A, such that z, — x implies f(xn) — f(z).

Definition 2.4 (Limit point). A point p € R is said to be a limit point of the set A if for every
0 > 0, there is at least one z € A, such that 0 < |z — p| < 4.

Definition 2.5 (Limit). Let a € R be a limit point of A. The map f : A — B is said to have a
limit L at the point a if for every ¢ > 0, there exists a real number ¢ > 0, such that x € A and
0 < |z — a] < ¢ implies | f(z) — L| < e. We express this as L = lim,_q f(z).

The map f : A — B is said to have L as its left hand limit at the point a € R if for every ¢ > 0,
there exists a real number § > 0, such that z € A and —6 < (z — a) < 0 implies |f(z) — L| < e.
We express this as L = lim,_,,— f(z). Similarly, f is said to have L as its right hand limit at a if
for every € > 0, there exists a real number § > 0, such that z € A and 0 < (z — a) < J implies
|f(z) — L| < €, which is expressed as L = lim,_, .+ f(x).

Observe from the above definitions that lim,_,, f(z) exists if and only if both lim,_,,- f(z) as well
as lim,_, .+ f(z) exist and are equal.

Also note that limit of a function is defined only at a limit point of its domain set. To this, the
following equivalence of continuity and limit can be obtained.

Theorem 2.7. (Continuity via Limit) Let a € R be a limit point of A and a € A. The function
f: A — B is continuous at the point a if and only if limgy—, f(x) = f(a).
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Proof. Let f be continuous. If possible, let there be some ¢ > 0, such that for any § > 0, there is
some point z5 € A, which satisfies 0 < |zs — a|] < § but |f(zs) — f(a)| > €. In particular, for this
€ > 0 and for any n € N, there exist z,, € A, such that |z, —a| < £ but |f(zn) — f(a)| > ¢, which
shows that z, — a but f(z,) 4 f(a) thereby contradicting the continuity of f at a.

Conversely, let for a given € > 0, there is a real number § > 0, such that |z — a| < ¢ implies
|f(z) — f(a)] < e. Let {zn} be a sequence of points of A converging to a. Choose N € N, such that
|zn —a| < ¢ for all n > N. By the hypothesis, we have |f(zn) — f(a)| < € for all n > N, that is,
f(zn) = f(a) as desired. O

Definition 2.6. Let S be a nonempty subset of R, and let f : S — R and g : S — R. Define
(f+g):S—=Rand (fg) : S — R to be the sum and product of the functions f and g, respectively,
such that (f + g)(z) = f(z) + g(x) and (fg)(z) = f(x)g(z) for all x € S. We also define for any
¢ € R, the function (c¢f) : S — R, where (c¢f)(z) = cf(x). If g(z) # 0 for all z € S, we define
%:S%Rby é(m):ﬁ.

It is easy to observe that if lim, o f(z) = L1 and limgz—,q g(z) = Lo, then limy o (f+g)(z) = L1+ L2
and limg—q(fg)(z) = L1La. Also, if Ly # 0, then limg_, (é) (z) = L% From this discussion, the

following results can be easily deduced.

Theorem 2.8. Let S be a nonempty subset of R, and let f : S — R and g : S — R be two
continuous functions. Then

(a) the functions f + g and cf for any fized ¢ € R are both continuous.
(b) the function fg is continuous.
(c) if g(x) #0 for all x € S then the function % s continuous.

Let f: A— B, and g : B — C be two continuous maps, where A, B,C' C R. Then the composite
map (go f) : A — C, where (go f)(x) = g(f(x)) is continuous. For proof, let z € S, and let
zn — x in S. By continuity of f, we have f(z,) — f(z). Now by continuity of g, we have
(go f)(zn) =g(f(zn)) = g(f(x)) = (go f)(z). So, go f is continuous. Now we have the following.

Theorem 2.9. Let A, B,C CR, andlet f : A— B. Ifg: B — C is continuous, and lim,_,, f(z) =
L € B for some a € R, then limg—q(g o f)(x) exists. Moreover, we have limy—q(g o f)(z) =

g(limea f(2)).

3 Revisiting Continuity and Limit Via Convergence

Lemma 3.1. Ifp, = 2% for all m € N, then for any real number x, sin(ppx) — 0.

Proof. First note from Bernoulli inequality that 2" = (14 1)" > (1 +n) or 2" > n. So, pn < =
for all n € N. Also, for every € > 0, by archimedean property of R, there is a positive integer N,
such that % < €. Since py < %, we have py < €. We have shown that for any € > 0, there exists
a positive integer N, such that py < e.

y+z
2
[0,7] and (y + ) € [—m,n], which proves that sin function is strictly increasing on [—m/2,7/2].
Choose N € N, such that pylz| < 1 < w/2. So, 1 > sin(pn|z|) > sin(py41]z|) > ... > 0. By
Remark after Theorem 2.3, the sequence {sin(pn+n|z|)} converges to 8 = infpen{sin(pns+n|z|)}.
Clearly, 8 > 0. If possible, let 0 < 8 < 1. Since sin : (0,7/2) — (0,1) is invertible, choose
a € (0,7/2), such that sin @ = 3. Choose m large enough, such that pm|z| < a. So, sin(pm+n|z|) <
sina = 3, which is a contradiction to the fact that § is the inf of the set {sin(pn+n|z|) | n € N}.
Thus, 8 = 0, which proves that sin(p,z) — 0. O

Now for —7/2 < z <y < 7/2, we have (sinz —siny) = —25in(%) cos( ) < 0, since (y—z) €
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Theorem 3.2. (a) lir% sinz = 0.
T—

(b) If {zn} is a sequence of real numbers, such that x, — x then sin(z,) — sinz.
(c) sin function is continuous.
(d) cos function is continuous.

Proof. Let € > 0 be given. By Lemma 3.1, choose N € N, such that sinp, < € for all n > N.

Now, 0 < [t| < py < 1 < § implies sin [t| < sinpnx < €. But sin [t| = |sint| for all t € [-F, 5]. So,
lim¢—0 sint = 0, which proves (a).

For the proof of (b), observe that |z, — x| — 0. So, there is a positive integer k, such that
0 < |zn — z| < pn, where N is as chosen in (a) for all n > k. By (a), we have

O0<|zn—z|<pn <1 = sin(‘x"zi_ml) < sin(%v) =sinpn+1 < €, (3.1)
for all n >k, as ZIX = QN% = pn+1. Now consider for n > k,
. . . [(Tp—X Tn+T
sinz, —sinz| = ’28111( )cos( )‘
2 2
ln — 2 . (3.2)
<2sin [ —— ) < 2sin (—) < 2e,
2 2
where the last inequality follows from (3.1). So, sinz, — sinz, which proves (b).
By definition of continuity, (b) implies (c).
Finally, (d) follows from (c), since cos = sinof, where f(z) = § — z, and composition of two
continuous functions is continuous. O

Theorem 3.3. (a) The function f: R — R, where f(z) = z®, k € N is continuous.
(b) The function g : Ry — R, where g(z) = 2*/*, k € N is continuous.

Proof. (a) Let z, — x in R. By Lemma 2.2(b), & — z* or f(z.) — f(z). So, the map f is
continuous at x.

(b) Let € > 0 be given, and let x € Ry. Let {z,} be a sequence in Ry, such that z, — z. So,
we can choose N € N, such that |z, — z| < ez~ % for all n > N. Also, z — xp, = (xl/k — x}/k)yn,
where y,, = Zle w%x;kl
these, we have |z!/* fxi/k\ =z —zalypt < |z — mn|x*1+% <, foralln > N. So, f is continuous
at x. O

. 1 _ IR .
. Since z,z, € Ry, we have y, > z' 7% ory, ! < 27 'T% for all n. With

Corollary 3.4. The function f: Ry — R, such that f(z) =z", r € Q is continuous.

Proof. Let r = £, where p,q € N. By Theorem 3.3(b), the map defined by x — z'/7 is continuous,
and by Theorem 3.3(a), the map defined by y — y* is continuous. Composing these maps gives the

desired continuous function. O

Theorem 3.5. Let r > 1 and 0 < s < 1 be two rational numbers. Then for x >y > 0, z,y € R,
rem N —y) > 2" —y" > ry" e —y) and szt (x —y) < 2° — YT < sy"TH(z —y).

Proof. We will prove the result for the case » > 1. The inequality for 0 < s < 1 can be proved the
same way.

For a > 0 and ¢ € Q4, let us define
al? —1

fala) = (a=1)q
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First, we show that for ¢ € N, fq(a) < fe1(a) for a > 1, and fy(a) > fe41(a) for 0 < a < 1. For
proof, we observe that for a > 1, fy(a) < a?, and for 0 < a < 1, fq(a) > a?. These inequalities

along with fg41(a) = H“";‘%‘)‘q = (fq () + %q) establish the claim.
Now we show that for u,v € Q4+, v < v implies fu(a) < fo(a) for & > 1, and v < v implies
fula) > fo(a) for 0 < a < 1. So, let u = % and v = %, where p,q,¢,m € N. First assume that
a > 1. Now u < v implies % < £7 which gives pm < ¢f. Since a > 1, 9%/a > 1. As proved earlier,
apm/am) _q  gat/am)_y  opli_1 . of/m_1

we have fpm(9%/a) < fqo( 9%/), which gives (e < (T7a—mqt O "7 < “Tm - S0,
fu(a) < fu(a), which proves the assertion for @ > 1. The proof for the case 0 < a < 1 follows the
same way.

Next we establish that for ¢ € Q4+, ¢ > 1, we have (a? — 1) < ga? (o — 1) for all @ > 0. For
proof, assume « > 1. As proved in the preceding paragraph, we have fi(1/a) > fq(1/a), which
gives (1 —a)g > o' 79(1 — af) or (a? — 1) < ga?"'(a — 1). On the other hand if 0 < o < 1, again
as before, f1(1/a) < f4(1/a), which gives (1 — a?) > ga? ' (1 — a) as desired.

Finally, use the inequality a? — 1 < ga? *(a — 1) for a = 2/y, 8 = y/z, and ¢ = 7 to obtain
" —y" <rz" Nz —y)and " —y" > ry" " (x — y), respectively. O

Theorem 3.6. The following results hold for any real number a > 0.

(a) a'/™ = 1.

(b) The function f:Q — R, where f(q) = a? is continuous.

(c) For x € R, if {qn} is a sequence of rational numbers, such that g, — x, then the sequence
{a®"} converges.

Proof. (a) First assume that a > 1, so that a'/™ > 1 for all n, and the sequence {a'/"} is strictly

decreasing. By Theorem 2.3, the sequence {a'/"} converges. Let x,, = (a'/™ — 1). Using Bernoulli
inequality, we have a = (1 + z,)" > (1 + mvn), since x, > 0. So, 0 < =, < “;1 for all n. Now
for a given € > 0, choose N € N, such tha < eforallm > N. Thus, z, — 0

1/n
or /™ = 1. On the other hand if 0 < a < 1, then, as proved above, # = (l) — 1. So, by

Lemma 2.2(c), a'/™ — 1.

(b) Let us assume first that a > 1. Let ¢, — g € Q, where {g,} is a sequence of rational numbers.
Let € > 0 be given. By (a), choose N1 € N, such that [¢*/™ — 1| < a% and a7 V/™ — 1] < o

for all n > Np. Since ¢n — ¢, choose N2 € N, such that |¢g, — q| < - for all n > Nj. Define
N = max{Ni, N2}. Using these inequalities for all n > N and the fact that a > 1, we have

—5 < (a7 —1) < (a7 —1) < (a'/N —1) < 5, which gives, [a™ "7 — 1| < 5. So, we have
the following for all n > N
l[a™ —a?| = a1 - 1| < L = €, (3.4)
ad

which proves continuity of f at ¢ for the case a > 1.
For a = 1, f(¢q) = 1, which being the constant map is continuous.

For 0< a <1, % > 1, so that the map defined by ¢ — aiq is continuous. Thus, ¢, — ¢ in Q implies
—1- — - which by Lemma 2.2(c) gives a® — a?. So, in this case also, f is continuous.

Q,Q'n.
(c) We will prove the case a > 1. Let € > 0 be given. Choose a monotonic sequence {pn} of rational

numbers, with p,, € (xf %,x n+1) for all n € N. Then |p, —z| < n(n+1) < L for all n € N, which
shows that p, — z. Moreover, the sequence {a?"} is strictly increasing and bounded above by a?,
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where ¢ is a rational number satisfying < ¢. By Theorem 2.3, the sequence {a”"} is convergent.
Now define s, = gn — pn, so that s, — 0. By (b), a*” — a° = 1. By Lemma 2.2(b), the sequence
{a°"aP"} converges, which is precisely the sequence {a?"}. O

Definition 3.1 (Real exponentiation). For a > 0, and x € R, let {¢g»} is a sequence of rational
numbers, such that ¢, — x. Define a® = lim,_, a?. The map defined by = — a” is called real
exponentiation.

Note that the above definition does not depend upon the sequence {g. } chosen as if {g;,} is another
sequence of rational numbers converging to g, then s, = (¢ — ¢;,) — 0 so that {a**} — 1 =

(=2} 51

7
aln

Theorem 3.7. Let g : R — R have the property that for a given r € R, any sequence {qn} of
rational numbers with ¢, — r implies g(qgn) — g(r), then the function g is continuous at r.

Proof. Let € > 0 be given. Let {r,} be a sequence of real numbers converging to r. For each fixed n,
let {gn,m } be a sequence of rational numbers converging to .. So, we can choose M, € N, such that
|7 —@n,m]| < % and |g(rn) —g(gn,m)| < % for all m > M,,. Now |r—qn,a,| < |r—rn|+|rn—gn,m,, | <
|r —rn| + % for all n, which shows that limn,— o0 gn,nm,, = . Now by hypothesis, g(gn,a,,) — g(r).
Thus, we have |g(rn) — g(r)| < [9(rn) = 9(gn.ar,)| +19(@n.21,) = g(r)| < (5 +19(an.21,) = g(r)]) for
all n, which proves that g(rn) — g(r). So, g is continuous at r. O

Corollary 3.8. For fized a € Ry, the function defined by x — a® for all x € R is continuous.
Proof. Follows from Theorem 3.7 and definition of real exponentiation. O

For a > 0 and z,y € R, if p, — 2, ¢» — y, where {p,} and {g.} are sequences of rational
numbers, then, by definition, a®* — a and a? — a¥. By Lemma 2.2(a), (pn + qn) — (x +
y), so that aPr i 5 gtV So, ¢V = limy, e aPm I = limp o0 (aP?a?). By Lemma 2.2,
lim, o0 (aPma®) = (limnﬂoo ap”) (limnﬁOQ aq”) =a%a?. So, a®*7Y = a%aV.

Let $m,n = aP™?, for all m,n € N. By Corollary 3.4, a?™ — a” implies sm,n = (a?™)%™ — (a®)"
as m — oo. Also, by Corollary 3.8, sm,n = (a?)?™ — (a?)® as m — co. But sm,n = a?P™ —
a?®. By uniqueness of convergence, we have (a?)” = (a®)™ = a™®. So, by Corollary 3.8,
a® = (a®)? — (a”)Y. Applying Corollary 3.8 again, (z¢.) — (zy) implies a® — a*¥. By
uniqueness of the convergence, (a®)¥ = a*Y.

Finally, if b > 0 is another real number then (ab)’* = a?"b?. By Corollary 3.8, (ab)’* — (ab)®,
while a?* — a® and 0P — b®. Now by Lemma 2.2(b) (a?"b’*) — (a®b”). By uniqueness of
convergence (ab)® = a®b”.

Theorem 3.9. For a > 0, limg_, o0 k({/a — 1) exists.

Proof. If a = 1, the sequence {k({¥/a — 1)} is the constant sequence {0} which always converges.
So, let a # 1.

a'/k_1

In view of Theorem 3.5, we have k({/a — 1) = TR = gr(a). Note that gix(a) = (a — 1) f1/x(a),
where fi/;, is as in (3.3), so that the sequence {gx(a)} is monotonic. If a > 1, apply Theorem 3.5
forx=a,y=1,s=1/kk > 1, so that %a%_l(a —-1) < (a— 1)101/7“(1) < #+(a — 1), which gives
arHa—1) < gr(a) < (a—1).

On the other hand if 0 < a < 1, apply Theorem 3.5 for x = 1, y = a, s = 1/k,k > 1, so that
t(l—a) < —(a— 1)%’6(11) < %a%_l(l — a), which gives a%_l(a —1) < (a—1)fijk(a) < (a—1).
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So, for all real positive a # 1 and k > 1, ¥/a(l — 1) < gi(a) < (a —1). Now if k > 1 then ¥a > 1
fora>1,and 0 < {a<1for0<a<1 So, fora>1 (1-2)< ¥a(l-1)andfor0<a<l,

a

(1—-a)< % or {/a(l—a) < (1—a)or {a(l—21)> (1—1). Hence, we have gr(a) > (1 — 2)

for all k£ > 1. Thus, the sequence {gx(a)} is monotonically decreasing and is bounded below, Whi%
by Theorem 2.3 converges.

Definition 3.2 (Logarithmic function). Let log : R — R, such that
loga = lim k(¥/a—1). (3.5)
k—o0
The number log a is called the logarithm of a, and the function log is called the logarithmic function.

From the proof of Theorem 3.9, observe that for any a € Ry, and k € N, we have the following
important inequalities

(1 — é) <loga < fi/x(a) < (a—1), (3.6)
as loga = infp{k(¥a —1)}.
Example 3.10. We may use (3.6) to show that

lim log(1 + x)
x—0 xT

=1 (3.7)

So, let € > 0 be given. Let 1 + x = a, so that x — 0 implies a — 1. Consider \é -1 = % <€
for 0 < la—1] < § = ae. We also have lim;_ w = limg_1 1;’5‘11 From (3.6), we have

(17%) <loga<(a—1). Ifa>1, then%ﬁ%ﬁl. Ifo<a<l, thenézf%‘le. In either

case, we have |1;%f —1 < |2 -1 <% =€ for0<|a— 1| <8 =ae, and the assertion follows.

Theorem 3.11. The logarithmic function has the following properties.

(a) log(ab) = loga + logb.

(b) loga >0 fora>1 andloga <0 for 0 <a < 1.
(c) loga =0 if and only if a = 1.

(d) log is strictly increasing.

(e) log is injective.

(f) log is continuous.

(g9) for any z € R and a > 0, log(a”) = zloga.

(h) log is surjective.

Proof. (a) We will make use of Lemma 2.2 in the following calculations
loga +logh= lim k({/a—1)+ klggok(%f 1)
%(1@(%— 1)+ K(Vb-1)?)
Jim, 7 Jim BV~ 1)+ fim gzl k(Y5 1)l (95 1)

=1 x log(ab) + 1 x logb x (1 — 1) = log ab.

lim
k— o0

(b) Follows from (3.6).

(¢) If a =1, by (a) log1 +log1 =log(1), which gives log1 = 0. The converse follows from (b).

10
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(d) If 0 < a < b, then b/a > 1. By (a) and (c), 0 = log1 = log(aa™") = loga + log(a™?'), so that
log(a™') = —loga. Now by (b), log(b/a) > 0 or logb—loga > 0, that is, loga < logb, which proves
that the logarithmic function is strictly increasing.

(e) Follows from (a) and (c) or by (d).

(f) Let € > 0 be given. Let z, — a in Ry. By Lemma 2.2(a) and (c), > — 1 and = — 1.
So we can choose N1, N2 € N, such that ! | < € for all n > Np, and |— — 1| < € for all
n > Na. Define N = max{Ni, No}. From the aforementioned inequalities, we have for allm > N,

(z" ) <eand —e < (1 - —) Using these in (3.6) for ‘a’ = == > 0, we have

a

—e< (1 - %) < 1og(“%”) < (“%” - 1) <e (3.8)

for all n > N, which gives | log(zn/a)| < € for all n > N, that is, log(zn/a) — 0 or (log x, —loga) —
0 or log z, — loga. So, the logarithmic function is continuous at a.

(g) First let € Z. If 2 = 0 then a® = 1 and loga® = Ologa = 0 is satisfied. If 2 € N, by
(a), we have log(a”) = xzloga. Also, as zloga + xlog(1/a) = log(a®a™") = log1l = 0, we have
log(a™®) = —zloga. So, loga® = zloga for all z € Z.

Now let x = p/q € Q, and let a?/? = b, that is, a® = b%. Then log(a?) = log(b?), which gives
ploga = qlogb or loghb = %loga. So, loga” = xloga holds for all z € Q.

Finally, let x € R. Let {r»} be a sequence of rational numbers converging to x. By definition, a™ —
a”. By (f) along with the continuity of real exponentiation, log(a") — log(a®) or ry, loga — log(a”).
Also, by Lemma 2.2(a), (rnloga) — (zloga). So, by uniqueness of convergence, log(a®) = zloga
as desired.

(h) Let € R. We want to find a y € Ry, such that x = logy = infx {k(&% — 1)}, which in turn
implies that x < k(¥/y — 1) or (1 + %) < ¥/y. So, whenever (1 + %) > 0, we seek y, such that

(1 + %)k < y. To find y, we proceed as follows. If x = 0, by (c) we have logy = 0 for y = 1. So, let
x # 0. For convenience, we define

wo=(1+ %)k keN. (3.9)

Choose N € N, such that (1 + :r/k) > 0 for all k > N. If x < 0, write x = —t, where t > 0.
Whenever, (1 + %) (1 — 7) > 0, we have the following

(3.10)

11
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since each term in the summation is positive. On the other hand for z > 0, we also have

k+1 k41 k+1 m—1 . m
(H kfcu)kﬂ T (k(+m1;mmm =1 (1 - kil)%
"= e (3.11)
Mt i\t x
> 111(17)—» (1+%)

From (3.10)-(3.11), we have up < up41 for all z € R so that the sequence {uy}r>n is strictly
increasing. By (d), the sequence {log(ux)}r>n is also strictly increasing.

Take M € N, such that |z|/M < 1, so that we have |u,| < M 7] mm +> o n‘;,n <yM ‘f,‘:.n-i-
lz[M 3, IMIZ =3 01 fn. + %, which proves that {ux} is bounded. By, Theorem 2.3, the

sequence {uy} converges. So, let ur — y. Note that y > 0. By (f), log ux — logy.

Also, using (3.6) for a = ui, k > N, we have k(1— 1+ac/k) <logur < k(l4+z/k—1) = x, which gives
0<z—logur <z(l-— Ti/k) — 0 as k — oo. Thus, logur — z. By uniqueness of convergence, we
have z = logy as desired. (I

Theorem 3.11 establishes that the logarithmic function is continuous and bijective. The proof of
the fact that limg_, oo ur exists, motivates the next.

Definition 3.3 (Exponential function). Let exp : R — Ry, such that
N\ F
exp(z) = lim (1 + 7) . (3.12)
k—o0 k
The function exp is called the exponential function.

Theorem 3.12. log™! = exp.

Proof. Let € > 0 be given, and let x > 0. We can choose N € N, such that (1 + 10%) > 0,
k
(k(W—l) —logx) < G0z and |1’_% — 1l <eforalln > N. If we let pp, = (1+ 1"%) , by

Theorem 3.11, logz < k(¥x — 1) implies pr < (1 + (Y 1)) =z, so that 0 < pr < z for all

k > N. On applying the first inequality of Theorem 3.5 for r=k>N, ¥z > (1 + 10%) > 0, we
get

0< (Vo) —pr) <2k (k(¥Va —1) —loga),

from which we have

0< (z—pr) < xl_%(k({e/f— 1) —logz) < z(1+ 6)(1+6)z =c¢for all m > N. So, pr — =, that is,
exp(logz) = x.

Now for any y € R, by Theorem 3.11(h), choose = € R4, such that logz = y. As ux — y = exp (),
by Theorem 3.11(f), logur — logy = log(exp(z)). But in the proof of Theorem 3.11(h), we have
log ur, — x. So, by uniqueness of convergence, log(exp(y)) = y. O

Corollary 3.13. exp(z + y) = exp(z) exp(y) for all x,y € R.

Proof. Let exp(z) = z1 and expy = y1. Then x = logx1 and y = logyi. So, z+y = log z1+logy:s =
log(z1y1), which implies exp(z + y) = exp(log(z1y1)) = z1y1 = exp(z) exp(y). O

Corollary 3.14. For any = € R, exp(x) = (exp(1))®.

12
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Proof. First observe that for any real number a > 0,

k
a” = exp(log(a®)) = exp(zloga) = limy (1 + “’%) , which on taking a = exp(1) gives

k k
(exp(1))* = limg_—00 (1 + “’%’(p(l)) = limy_soeo (1 + %) = exp(z), as desired. O

a

Theorem 3.15. For any a € R4, 1imh%o( hh_l) exists and is equal to loga.

Proof. Let g(h) = % for h # 0.

We first show that g is strictly increasing on (0,1]. So, let hi,he € (0, 1], where h1 < hz. Choose
two sequences of rational numbers {s,} and {¢,}, such that {s,} is monotonically decreasing and
Sn — hi; {tn} is monotonically increasing with s1 < t1 and ¢, — h2. One example of such {s,}
and {t,} could be

A A A A
soe{@n (s gg i+ 5g) it e{en (b - 5 - 55) )

where A\ = (he — h1), and n € N. Clearly, s, < t, for all n, s, — hi1 and ¢, — ha, where
hi = inf,{sn} and he = sup{t,}. By continuity of g, g(s») — g(h1) and g(¢t») — g(hz). Since
9(q) = (a — 1) fq(a) for all ¢ € Q4+, where f; is as in (3.3), which is found to be strictly increasing,
we have g(sn) < g(tn), and {g(sn)} and {g(tn)} are strictly decreasing and strictly increasing
sequences, respectively. Therefore, g(sn) — inf,{g(sn)} = g(h1) and g(t,) — sup,,{g(tn)} = g(h2)
so that g(h1) < g(sn) < g(tn) < g(h2), from which we get g(h1) < g(h2).

So, for any h € (0,1), if we choose k € N satisfying 0 < ¢ < h < 1 then loga < k(¥a —1) =
g(1/k) < g(h) < g(1) = (a — 1). So, g is bounded on (0, 1].

We have proved that g is a strictly monotone, continuous, and bounded function on the interval
(0,1]. Now we prove that lim;,_,o+ g(h) exists and is equal to @ = info<n<1{g(h)}. So, let € > 0 be
given. Then (« + €) is not a lower bound of the set {g(h) | 0 < h < 1}. So, there is a § € (0,1),
such that g(0) < (a+€). Then for all 0 < h < d, we have 0 < (g(h) — a) < (9(d) — @) < e. So,
limy, o+ g(h) = . Now for 0 < h < 1, g(=h) = a~"g(+h), where lim, ,oa™" = a® = 1. So,
limy, ,o- =1 xlim,_, g+ g(h) = a. Thus, limp—0 g(h) = a.

Finally, let € > 0 be given. Let 6’ > 0 be a real number such that 0 < |h] < §’ implies 0 <
lg(h) — a| < €. Then for each positive integer k > 1, where + < &', we have 0 < g(1/k) — a < ¢,
which proves that g(1/k) — «. Since g(1/k) — loga, by uniqueness of convergence, o = loga. [

Corollary 3.16. limh_ﬂ)(%) =1.
Proof. By Corollary 3.14 and Theorem 3.15, we have
hmhﬂo(%) = limy 0 % = log(exp(1)) = 1. O

r—1

Theorem 3.17. If a > 0 and r € R, then limgy_, £ =ra

T—a

Proof. Let € > 0 be given. We will prove the result in the following cases.

- _ r r—m m—1 _ _ . g
If r € N, we have £=% = (@ a)(zmélfi) o) = S ™™ So, limge T =
lime—a > 2 ™a™ P =37 a""™a™ ! = ra”"!, where the last step follows from Theorem

2.7 since a polynomial function is continuous by Theorem 3.3(a) and Theorem 2.8(a).

Now we will extend the result to all integers. The case r = 0 is trivial. We only need to establish

13
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. . . —r_ =T r__r _
the case of negative integers. So, let » € N, and consider £—=2 = 2 =2 x =1 Thus
) ? rz—a rz—a (za) ’
. T _aq~ " . T_a” 1 — —1 — —r—1 .
limg q £—=%— =lim, o £=% lim, a ﬁ =ra""' X Sk =—ra”""! as desired.

Now we will extend the result to all rational numbers. So, let r = g, where p € Z and q € N. Let

1 1 . .
xe = u and a7 = v so that x = u? and a = v?. Note that x — a implies v — v. Then we have
L w
= hmu*yu wd—0d

P_yP wP — u—v_ __ pvPTl q(r—1) _
TieT = LT =TV =ra

P 1. r—1
T limy e .

limz%a r— = hmu%v

r—a

Finally, let » € R. Let {gn} be a sequence of rational numbers, such that ¢, — 7. Then

limg_q % = gna?" "', So, for a given € > 0, there is a § > 0, such that 0 < |z —a| < §
implies }% - qnaq"_l‘ < 5. Since g, — 7, by continuity of exponentiation, (%) —

€
< gand

(M) Also, gna?~' — ra""!. So, choose N € N, such that |M — zloal

r—a T—a r—a

lgna®~' —ra" | < £ for all n > N. Now consider the following for 0 < |z — a| < 4.
ro_ 7 AN _ 49N AN _ 49N T _a”
‘Tar_l -_r-e ‘ <|ra"t = qna®™ T + ‘qwa‘“\’_l -z e ‘ + )x @ r-d
T—a T—a x—a x—a
<cELf, ¢
Sty
3 3 3
which completes the proof. O

4 Concluding Remarks

The present exposition is aimed at deriving some of the standard results on limit. In doing so, we
have used the concept of convergence to define continuity of functions. These results on limits are
useful in obtaining derivatives of real valued functions defined on subsets of R. The derivative of
such a function f at a point a of its domain is defined by
d _
L fw) = lim f@) = fa) (4.1)
x

r—a r—a

provided that the limit exists.

Within the framework of the present setup, one can prove the basic formulas on derivatives. For
example, using Corollary 3.16, we can show that

4 exp (2) = exp(a)

. rexp(h)—1
dx i (

,ILHO h ) = exp(z) X 1 = exp(z), (4.2)

which avoids the use of infinite series expansion of the exponential function. Similarly, Theorem

3.17 can be used to prove that
%xr =rz" ! (4.3)
for all real r and x > 0, which avoids the use of Taylor’s expansion.

The continuity of the functions defined on subsets of R plays vital role in understanding the
real exponentiation, which in the present exposition has been defined via convergence. Then the
connection between the limit and continuity is established, which facilitates many calculations on
limit. For instance, Theorem 2.9 can be used to show that

lim (1 +2)* = lim eXP{M} — exp{ lim M} = exp(1), (4.4)
z—0 z—0

xT z—0 xT

where the last step is obtained using (3.7).

14
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Similarly, Theorem 3.12 can be used to show that for a positive real number a # 1, the map defined
by = — a® for all real z is bijective with continuous inverse, since the exponential function is
bijective and a® = exp(xloga). Moreover, the inverse map is defined by y — (bgy) for all positive

log a
1o, x
real y, since abosa — exp(}ZéZ log a) = exp(logy) = y and % = z for all real . The inverse

map so obtained defines the logarithm of y with respect to the base a denoted by log, v, that is, if

_ oz : _ _ logy
y = a” then we write log, y = x = Toga”

Finally, to prove that % sin x = cos z, one needs to show that

. sinz
lim

x—0 xT

=1 (4.5)

This requires a discussion on complex exponential function, and limit and continuity of functions
defined on subsets of R?, which can be done via desiring componentwise existence of these concepts.

k
After doing that, one can establish the existence of limg_ o (1 + %) , and define this limit to be the

complex exponential exp(txz). Then the Corollary 3.16 can be extended to the complex exponential,
exp(tz) — exp(—ux)

which after defining sinz = will establish (4.5). We recommend the reader to

2
go through another different approach of obtaining (4.5) in [6] via purely non-geometric definitions
of the trigonometric functions.

We would like the reader to consult the excellent texts by Bloch [7], Stillwell [8], and Kumar and
Kumaresan [9] on the present lines.
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