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Abstract

In this paper, we study viscosity approximation methods in reflexive Banach spaces. Let X
be a reflexive Banach space which admits a weakly sequentially continuous duality mapping
j: X — X™, C anonempty closed convex subset of X, h,, where n > 1 a sequence of contractions
onCandT,, n=1,23,---N, for N € N, a finite family of commuting nonexpansive mappings
on C. We show that under appropriate conditions on o,, the explicit iterative sequence 7, defined
by

Tntl = Onhn(Tn) + (L —0n)Thtn, n>1, 11 €C

N

where o, € (0, 1) converges strongly to a common fixed point 7 € (| Fr,. We consequently show
k=1

that the results is true for an infinite family 7,,, n = 1,2,3,--- of commuting nonexpansive

mapping on C.
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1 Introduction

Let X with dual X* denote a reflexive Banach space which admits a weakly sequentially continuous
duality mapping j7: X — X*, and let J : X — 2% be the normalized duality mapping defined by
Jr={h e X" : (z,h) = |z|||p|l; |lz|]| =]k]}, V x € X. The single-valued duality mapping will
be denoted by j; and Fr will denote the set of fixed points of T' given by Fr = {z € X;Tx = z}.
We denote the strong convergence of the sequence {z,} in X to z € X by z, — x and the weak
convergence by z, — x.

Let X denote a real Banach and space C a closed convex nonempty subset of X. Given a mapping
T:C — C, T is called ¢-Lipschitzian if there exists a constant ¢ > 0 such that

[Tz —=Tyl<ellz—yl, V paur zyelX. (1.1)

T is a nonexpansive if for every pair z,y € X, | Te — Ty ||<|| z —y ||. T is said to be a contraction
on C if a constant o € (0,1) exists such that for every pair z,y € X, || Tz —=Ty [|[< ¢ ||z —y |-

We denote by ], the set of all contractions on C.

A. Moudafi [1] who pioneered the concept of viscosity approximation methods introduced the
iterative procedure defined by

Tz, + 67nf(xn), 1 €C

1
T T e, 1+en

where ¢, is a sequence of positive numbers in R such that €, — 0 as n — co, f is a contraction on
C and T is a nonexpansive mapping defined on C; and obtained results in Hilbert spaces.

In [2], H. K Xu proposed the iterative scheme {z,} given by
Tnt1 = anf(zn) + (1 — an)Txn, n>1, 1 € C (1.2)

where f € [[, an is a sequence in (0,1) and T is a nonexpansive mapping on C, and proved the
strong convergence of x, to a fixed point of T'.

Again in [3], Chang proved that as n — oo
Tn+1 = anf(xn) + (1 - an)Tnxn, n Z 1, xr1 € C (13)

converges to a common fixed point of the nonexpansive mappings 7;, ,n =1,2,--- | N in a Banach
space.

The purpose of this paper is to prove the strong convergence of the sequence
Tntl = Onhn(Tn) + (1 —on)Tnn, n>1, 1 €C (1.4)

in a reflexive Banach space X which admits a weakly sequentially continuous duality mapping
j: X — X" to a common fixed point of the family T, ,n = 1,2,---, N. This generalizes and
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improves several recent results. Particularly, it extends and improves Theorem 4.2 of [2] and
Theorem 1 of [3].

2 Preliminaries

Lemma 2.1

(Xu, [2]) Let X be a Banach space and C a bounded closed convex subset of X. Let T': C — C
be a nonexpansive mapping on C and h € [],. Given a real number « € (0,1) define a mapping
T.:C — C by Tex = kh(z) + (1 — k)Tz, V & € C. Then Ty is a contraction on C.

Proof
Let z,y € C. Then

T = Tyl = (@) + (1~ R)Ta — [kh(y) + (1 - )T

= [[sl[h(z) = h(y)] + (1 — w) [Tz — Tyl
< kallz =yl + (1 = &)|lz -yl
= (ka+ (1= r))[lz -yl
=1 =r(1-a))llz—yl

Since 1 — k(1 — ) € (0,1), T% is a contraction. [ ]

Theorem 2.2

Let X be a reflexive Banach space with dual X™* and bidual X**. Let C be a nonempty bounded
closed convex subset of X. Let h,, be a sequence of contractions on C' such that h, € C*Vn > 1
and h,(z) < hnti(z), Vn>1, z € X. If hy, converges pointwise on C to a contraction h then the
convergence is uniform.

Proof

Let fn(x) = h(z) — hn(z) for each n € N. Then f, is a sequence of contractions on the compact set
C and fn (z) > fat1(z) > 0 for all z € X where n € N.

Moreover,

lim fu(2) = lim {h(z) — ha(2)} = 0 (2.1)
Let My = sup{fn(x):z € C} and let € > 0 be given.
Also let

E,={x€C: fu(z) <e} = fi ' ((—o0,¢))

Then E, is open for each n and E, C Eny1 since fn(x) > frny1)(2).

Since for each z € C, lim f,(z) = 0 there exists n € N such that f,(z) < ¢ which implies z € E,,.
n—oo

Thus ;- , En is an open cover for C and |J;2_, En, = C. Since C is compact, it has a finite subcover
and in view of the fact that E, C E,+1, the largest of these also covers C. Hence there is N € N
such that Ex = C and this means that fy(z) < € for all x € C and n > N. Thus My < ¢ and
since M,, > 0, nh~>Holo My, (z) = 0. This indicates that the sequence f, converges uniformly to 0 on C

and therefore the sequence of contractions h, converges uniformly to h on C. |
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Lemma 2.3

(Chang, [3]) Let X be a Banach space and let C be a bounded closed convex subset of X. Let Tk,
k=1,2,--- )N be a finite family of commuting nonexpansive self mappings defined on C.
Then Ny_, Fr, = Fr where T = TiT5Ts - - Tn—1Tn

Proof

Let x € ﬂi\;l Fr,. Then z € Fr,, for k=1,2,--- | N.

Hence Tiyx = x foreach k =1,2,--- | N. Thus ¢ € Fr since Tx = T112T5 - - - Tn_1Tnx = x implying
that Ni_, Fr,, C Fr.

Next, suppose x € Fr. Then T1T215---I'n_1Tnx = x.

Letting T' =T gives Te = Thx = z. Thus z € Fp,

Again letting T' = T1T> implies that x = Tex = Th Tox = ToTix = Tox. Hence x € Fr,.

Next, if T' = TiT2T5 then we have © = Tax = TiTo2T5x = TsTeThax = T3Tex = Tsx which implies
x € Fry.

Finally, for N € Nsuchthat N > 1,let T = T1T>713---Tn—-1 and assume that T = T1 1213 - - - Tn—1x =
x implies « € Fr, for each k =1,2,--- /N — 1.

1\IOVV7 ifT = T1T2T3 e TN_lTN then

=Tz = T1T2T3 e TNflTNa: = TNT1T2T3 cee TN71£L' = TN{E

Therefore x € Fr,. Thus, by induction if Th'T2T3---Tny-1Tnx = x then Tpx = x for each k =
1,2,---,N and so = € Nh_, Fr,.
This follows that Fr C NA_, Fr,

K

and the conclusion is that ﬂszl Fr, = Fr. [ ]

Lemma 2.4

Let X be a Banach space and let C' be a bounded closed convex subset of X. Let T, k =1,2,--- | N
be a finite family of commuting nonexpansive self mappings defined on C. Let ﬂszl Fr, = Fr, where
T =T1TeT3---Tn_1Tn. Then the mapping T : C — C is nonexpansive.

Proof

Let x,y (S C Then Tx = T1T2T3 e TN71TN$ 5 Ty = T1T2T3 . ~TN,1TNy and
||T£E’ — Ty” = ||T1T2T3 . -TN_lTNx — T1T2T3 e TN—ITNyH
Next we show that Py is true V N € N.
Let Py : |TWToTs - T 1 Tve — ThToTs - Ty 1Tyl < ||z —y|| V z,y € C
By hypothesis,
ITiz — Tayll <l — yll ¥ @,y € C. (2.2)

Therefore Py is true when N =1
Assuming that for some k € N, Py is true we get

W ToTs - T T — TWToTs - T Tyl < |lz—y|| V 2,y € C.
Finally by commutation of the nonexpansive maps;
ITVT2T5 -+ TiThprz — TiTeTs - TeThgryl| < (| Thr2 — Troayll < flz—yll V 2,y €C

Thus || Tz — Ty|| < ||z — y|| for all z,y € C proving that T is nonexpansive. [ ]
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Lemma 2.5

(Xu, [2]) Let {an} be a sequence of nonnegative real numbers, {3, } a sequence in (0,1) and {¢n} a
sequence in R such that onq1 < (1—Bn)an +¢@n, n > 0, where >0 | Bn =oc and Y, [pn] < 0.
Then o, — 0 as n — oo.

Lemma 2.6

(Yisheng, [4]) Let C be a nonempty closed convex subset of a reflexive Banach space X which
satisfies Opial’s condition. Suppose also that 7' : C' — C' is nonexpansive and {z,} is a sequence in
C such that z, — Tz, — 0. Then x =Tz

Proof
Let x, — z and let lim sup ||z, — Tz,|| = 0.
n—oo

Now, since {zy} is bounded there exists r > 0 such that {z,} C A := C() B;, where B, is a closed
ball of X with centre at 0 and radius 7. Thus A is a nonempty bounded closed convex subset of C.
For an arbitrary € > 0, we choose ng € N such that

|lzn — Tzn|| <e, V n>mno.
1
Let {7} be a sequence in X such that 7, — 7 and ||7, — z,|| < —.
Again since T : C' — C is nonexpansive and by extension Lipschitzian with Lipschitz constant ¢,
[Tzn = Trall < llTn — 2al|.

Since
|T7n — || <e V n, lim sup||T7. — 7| <e. (2.3)
n—o0

Finally,

IT2n = x|l < | T2n =Tl + 1770 = Tall + 170 = 2nll < @llzn = 7all + [T70 = Tall + (|70 — 2n |
= |[Tzn —aall < A+ @) — 2ol + [ T70 — 7al

By virtue of (2.3) and the fact that |7 — xn|| = 0asn — oo, [Tz — x| < &
Again, by virtue of the fact that lim sup||Tz, — z,| =0V n,
n— oo

ITzn — zn|| <e—0as n— oo and z =Tx.

Lemma 2.7
(Chang, [3]) Let X be a Banach space with dual X*. Let J : X — 2% defined by

() ={f € X7 (x, /) = ll=llllf I [zl = [}, VweX

be the normalized duality mapping on X.
ThenV z € X,V j(z) € J(z) and V j(z +y) € J(x +y), the following subdifferetial inequalities (i)
and (ii) hold in X.

() llz+yll* < llell® +2(y, (= + )

(i) [l +2{y,j(2)) < |z +yl®
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Lemma 2.8

(Xu, [2]) Let X be a real Banach space with dual X™ and let J be as in Lemma (2.7). If C' is a
closed convex subset of X and h : C — C' is a contraction with coefficient a € (0, 1), then

(1 - a)llz = yl* < (U = h)z — (I = h)y,j(@—y)) ¥ 2,y € C,

and (I — h) is said to be strongly monotone where [ is the identity operator.

3 Main Results

Theorem 3.1

Let X be a real reflexive Banach space which admits a weakly sequentially continuous duality
mapping j : X — X", C a bounded closed convex nonempty subset of X, h,, n € N a sequence of
contractions on C such that hy, (7) < hpt1(7),Vn, 7€ C,and T, n = 1,2,3,--- | N a finite family
of commuting nonexpansive mappings on C such that 02721 Fr, # ¢ and satisfies the condition

N
n FTn = F(T1T2T3 s TN71TN) = FT, where T = T1T2T3 s TNflTN.
n=1

Suppose also that for each hy, € []., h(p) #p, Vp € ﬂg:l Fr,
that satisfies the following conditions;

Ki: lim 0, =0

n— oo
oo
Kot Y330 400 =00

K3 : H0'n+1 *O'nH < o0

and o, is a real sequence in (0,1)

Then the sequence 7, defined by
Tnt1 = Onhn(Tn) + (1 —on)Tntn, M €C, n>1 (3.1)
satisfying the condition

Ky: ||tn = T7|| 20 as n — o0

converges strongly to 7* € 02;1 Fr, such that 7 is the unique solution of the variational inequality

((I-=h)T" (" —71) <0,V TE€ ﬂivzl Fr, .

Proof
From Theorem 2.2, h, — h uniformly on C. Thus (3.1) becomes

Tn+1 = Unh(Tn) + (1 - O'n)TnTn (32)

To show that {7,,11} is bounded we choose p € (\\_, Fr,, to compute ||7n+1 — pl|.
It follows that
[7n+1 = pll = llonh(ma) + (1 = 0n) Tnmn — pl|

= llon(h(mn) = p) + (1 = 00)(TnTn — p)|

< onllh(rn) = pll + (1 = o) | Tnrn — pll

< on([lh(7n) = h(p) + h(p) — pll) + (1 = on)lImn — pl|

< onlh(7) = R(P)[| + onllh(p) — pll + (1 = on) |7 — pll
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= onal[n = pll + onllh(p) — pll + (1 — on)llmn — p|
= (1= (1 = a)an)lltn = pll + onllh(p) — pl
< max{llra — pll, 7= Ih(p) — pll}
Thus by induction,
I~ pl < max{iry — pll, 72— 1h(p) ~ pl},m > 1
Therefore {7,} is bounded and so are {T'r,} and {h(7,)} where T = T1T5T5 - - Tn_1Tn.
Now,

[Tt = 7all = llonh(rn) + (1 = 00)TT0 — on—1h(Tn-1) = (1 = on—1)TTn—1||

=[[1=0on)(Tmn=TTn-1)+ (0n —0n-1)(M(Tn-1) = TTn-1) + on(h(n) — A(Tn-1))|
< (1 =0n)lltn = Ta—1ll + Klon — on—1] + ona||Tn — Tn-1ll,
=1 -1 -a)an)|mn = a1l + Klon — on—1] ;
where K = sup ||h(Ta—1) — TTn—1]| > 0.
Thus "
Tns1 — 7l = (1 = (1 — @)an) |70 — Tro1l| + K|ow — 0n 1]

Lemma 2.5 together with conditions K2 and K3 ensures that ||7n4+1 — 7| — 0.
Again,
HT'” - TT”H = HT" — Tn+t1 + Tyl — T7'n|| < ||7'n - 7'n+1|| + H7'n+1 — TTnH

= [I7n = Tatall + llonh(ma) + (1 = 00)T70 — T

= |70 — Tnt1]| + onllh(mn) = T7n|| = 0 as n — o

Thus, ||7n — T'Tn|| = 0 as n — oo and condition Ky is proved.
Next we show that

N
lim sup(r* = h(*),j(rn — 7)) 20, V 7* € Fr = () Fr,.

n—oo
n=1

To do this we take a subsequence {7y, } of {7} such that

lim sup (7% — h(7"),j(mn — 77)) = lim sup (7% — h(7"), j(Tn, — 77))
n—oo k— o0

Now, since X is reflexive and 7, is bounded, we may assume that 7,,, — 7%as k — oo.
Therefore by K4 and Lemma 2.6, 7% € Fr = ﬂgzl Fr,.

By the fact that the duality mapping j is weakly sequentially continuous from X to X™, we obtain

lim sup (7% — h(7"),j(mn — 7)) = (+7 = h(r"),5(r" = 77)) > 0. (3.3)

n—00

Finally, 7, — 7" is shown below.
Now,
[Tnt1=7"11* = llonh(ma)+(1=00) TnTa=7"|> = |(1=00) (TnTn—7")+0on (h(T0) =) |12

< (1= 0n)*[[(Tutn = 77)* + 200 (h(7n) = 77, j (Tat1 — 7))

< (1= 00)?ll7n = 7717 + 200 (h(ra) = A(T") + R(T") = 7", j(Tns1 = 7))
< (L=00)? 7m0 =771 4200 (A(7a) = h(77), j (Tns1 = 77)) + 200 (h(r") = 7", j(Tns1 —77))

< (L= 0u)’llm = 771* + 20nal|70 — 7 Tns1 — 77 + 200 (h(77) = 77, j(Tnga — 7))
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Thus,
[ =7"1* < (1=0n) 707" +aon{ |70 =" I+ Tat1 =7} 4200 (h(7") =", (T2 —7"))
By (Lemma 2.7 ii) we get,

(L=aon) [Tnt1=7"* < (1=20m+07) 70 —7"|*+aon |70 =7+ 200 (h(T7) =77, j (Tn41-77)) (3.4)

Since j(—z) = —j(z) V = € X, (3.3) becomes

lim sup(h(r™) — 77, 5(7" — 7)) <0 (3.5)

n— o0

If

en =max{(h(r") =77, j(r" = 74)),0} 20, ¥V n >0,
then (3.5) ensures that for any given € > 0, there exists N1 € N such that

(h(7*) = 7",5(t" — 1)) <e, ¥V n> Ni.
Therefore 0 < ¢, < e V n > Np and since € is arbitrary ¢, — 0 as n — co.
Thus
(h(r7) = 77,3 (Tnt1 = 77)) < @n.

Therefore by (3.4),

(1 — aon)||mnt1 — T*HQ <(1-20,+ O’i)”’rn - T*Hz + aocn M + 20,00,

where M = sup ||, — 7°||.

n>0
1— 20, + o2
A

Which implies ||Tn11 — 77||* < P
1—aon 1—aop

(aonM + 20n¢n) .

1
Now, since a € (0,1) and o, — 0 as n — oo there exists N2 € N such that 1 — ao, > 5 ¥V n > Na.

1
Hence T aos < 2 and (aonM + 20n0n) < 2(aonM + 20,p5).

— aop 1—ao
Again, let
— 2 J— — J— —
1—-20n+0, _1—-20n+ao, 1 on(2 a):172an(1 a)§172an(1fa).
1— oo, 1—aon, 1— oo, 1— oo,

It follows from above analysis that

Tns1 — 7017 < {1 = 20 (1 — @) }||70 — 771> + 200 (aM + 20,), ¥V 1 > Na.

Thus, by Lemma 2.5, |7, — 7%|| = 0 as n — oo and consequently 7, — 7* € N3_; Fr,. ]

We next consider an infinite family 74,7%,73,... of nonexpansive commuting maps on C. For
the purpose of achieving our objective, we group these mappings into equivalent classes each of size
N where N € N. Thus the iteration of study becomes

Tnt1 = nhn(mn) + (1 — 0n)Thtn, 71 € Cy,n > 1 where T, = T, (mod N).

Lemma 3.2

Let X be a nonempty set. Then all equivalent classes of X are disjoint and X is the union of its
equivalent classes.
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Proof

Let A be a nonempty subset of X. Then A is an equivalent class if there is an element x € A such
that Vy € A, x ~y. Thus, A consists precisely of elements which are equivalent to x.

Let A ,B be any two equivalence classes of X and suppose AN B # ¢. Let x € AN B. Then z € A
and x € B. This implies x ~yVy € Aand z ~ 2z V z € B. Therefore y ~ z and x ~ z. Hence
by transitivity y ~ z. This gives a contradiction since A and B are two distinct equivalent classes.
Thus AN B = ¢. Finally, since A C X, B C X and AN B = ¢ for every pair of subsets of X, X is
the union of its equivalent classes.

Theorem 3.3

Let X be a real reflexive Banach space which admits a weakly sequentially continuous duality
mapping j : X — X, C a bounded closed convex nonempty subset of X, h,,n € N, a sequence of
contractions on C' such that hn(7) < hpt1(7), Vn, 7 € C,and T, n =1,2,3, ..., an infinite family
of commuting nonexpansive self mappings on C' such that N\Y_; Fr, # ¢ and satisfies the condition

ﬂff:l FT" = F(T1T2T3...TN71TN) = FT, where T' = T1T2T3...TN71TN.

Suppose also that for each hn € [[5, h(p) #p, Vp € NY_, Fr, and o, is a real sequence in (0,1)
that satisfies the following conditions;

Ki: lim 0, =0.

n— oo
Ky : 322 jon =00
K3 : 327 lonsr —on| <00

Then the sequence
Tn+1 = Unhn(Tn) + (1 - Un)TnTanl S C>n 2 17

satisfying the condition
Ky ||t —=T7n]| =0 as n — o0

converges strongly to 7 € NY_; Fr,, such that 7* is the unique solution of the variational inequality

(I = h)T*,j(r* — 1)) <0,Yr € N\, Fr,

Proof

The proof is done by partitioning the infinite family 75,,n = 1,2, 3, ... into equivalence classes of size
N, for a positive integer N. Thus, all the assumptions made for the finite number of nonexpansive
maps in Theorem 3.1 hold for each class. Again, since equivalent classes are disjoint, there are no
spillovers into other classes. Therefore any result that is true for one class will also hold for other
classes. Consequently, the result is apriori true from Theorem 3.1.

4 Conclusion

Halpern [5], Lions [6], Wittmann [7], Bauschke [8], Xu [2] and Chang [3] considered iterative
sequences which were special cases of the sequence

Tn+1 = Unhn(Tn) + (1 - Un)TnTn, 1elCn >1 (41)
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. If X is a Hilbert space, h, =u € C¥n >1and N =1 then (4.1) is reduced to
Tnt1 =onu+ (1 —0,)Tmn, meC, n>1 (4.2)
which was studied by Halpern [5], Lions [6] and Wittmann [7].
. In a Hilbert space X, if h, =u e CVn>1and T, ;m=1,2,3,---, N is a finite family of
nonexpansive mappings on C with ﬂszl Fr, # 0, then (4.1) is reduced to
Tntl = 0+ (L —0n) T, m €C, n>1 (4.3)
which was considered by Bauschke [8].
. If X is a uniformly smooth Banach space, C a nonempty closed convex subset of X, T : C' — C
is a nonexpansive mapping with Fr # @ and h, = h € [[, Vn > 1, then (4.1) is reduced to
Tnt1 = onh(mn) + (1 —on)TTn, m€C, n>1 (4.4)
which was studied by Xu [2].
. Again, if X is a uniformly smooth Banach space, C a nonempty closed convex subset of X,

T : C — C is a nonexpansive mapping with Fr # @ and h, = h € [[ Vn > 1, T, ,
n=12,3,---,Nis

a finite family of nonexpansive self mappings on C with ﬂgil Fr, # 0, then (4.1) is reduced
to the special case

Tnt1 = onh(mn) + (1 — 0n)TnTn, m € C, n>1 (4.5)

which was studied by Chang [3].

In summary, the iterative sequence (4.1) is a more general sequence which contains (4.2), (4.3),
(4.4) and (4.5) as special cases.
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