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Abstract

The problem of determining necessary and sufficient conditions on P and Q for system.
X=-y+P(x,y),y=x+0(x,y) to have a center at the origin is known as the Poincaré center-focus
problem. So far, people has tried many ways to solve the problem of central focus. However, it is difficult
to solve the center focus problem of higher order polynomial system. In this paper, we use the Poincaré
and Alwash-Lloyd methods to study the center focus problem and derive the center conditions of the five
periodic differential equation.
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1 Introduction

We use Poincaré method for studying the center focus problem of five periodic differential equation, and use
the Alwash-Lloyd method [1,2,3] to calculate the center conditions for this differential system. For the
research question of this paper, we take Abel differential equation as an example to make a brief introduction.
Consider the Abel differential equation [4].
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ax = A(t)x* + B(t)x’,
dt

where, A(t + @) = A(t) and B(t + @) = B(t) ,( @is a positive constant). The origin is a center for the two-
dimensional system if and only if all solutions of the Abel equation starting near the origin are periodic with

period 27 .In this case, we say that x = 0 is a center for the Abel equation. The origin is a center when the
coefficients satisfy the following condition.

A@) = u'(1) 4, (u(2)),
B(t) =u'(1) B, (u(2)),

where () is a periodic function of period 27 , A,, B, are continuous functions .This condition is called the
composition condition [5-8].

Lemma 1. Let P(6) = [ P(6)d6. P(6) = P(6) - P(0).1t[ " P*(6)(6)d6 = 0, then
joz”ﬁk (0)g(6)dd =0,(k =0,1,2---).
Proof. P(6) = j: P(0)d0 = B(0) - P(0), then P(6) = P(0)+ P(0), thus
T ~ V4 —_— ~ 4 k Y — ~ s
[, P ©)g©)d0 = [ " (P(6)+ P(0)g(0)dd = [ " ZCIP(O)-P(0)) " g(6)d0
k ~ L2 —.
= L(-P0)" [, P'©0)g(6)do = o.
Lemma2.Let p = %" p cos’ @sin’ O(k =1,2,4), and B+ By #0.1f
i+j=k
["B¥Rdo=0i=01). [ B¥RdO=0(j=012).ten P, = B(4, + 4P),
P, =P (u,+ IUIE + ,UZEZ + ,u31313), where A,(i =0,1), 1,(i =0,1,2,3) are constants.
Proof. Set A, = 4 cos@+ B;sin@.and 4 =F,,B =F,. A12 +B12 #0,

~

=B +B,. (M

]|

B, = A4,sin@— B, cos,

we know from the lemmal

2/r—21. _ 27 ~5; _ . 27r—2j _ 27 ~2j _ .
["R¥Pdo=["PF*Rdo=0G=0)), [ B*Pdo=["FPdo=0(j=0,2),
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because P, and P, are quadratic and quartic homogeneous polynomial, then

. P,-F P
P, =a,cos20+b,sin26,a, =%,bz =-1

P, =d,+d,cos20+e,sin20+d,cos40 +e,sin40,
where

P40_PO4 :P31+Pl3

d2= , e, :P40_P22+Po4’e_P31_P13.

4 N 8 ¢ 8

From the condition J‘;” EszdG =0, we know 4,b, — B,a, =0, 4, =—A4B,,

where B, = %(Al2 - Blz)
Then

P, = %(A2 cos20+ B, sin20) = Z—Z(A2 cos20+ B, sin20) = ﬂ,lPlE, A; +B; #0. )
2 2
Substituting (1) into (2), we have

— a b
P2=R(/10+11P), /10:1131’ A’le_z or B_2
2

2

. 2
From the condition I P, =0, we know d,=0.
0

27 ~
From the condition I P12P4 =0, we know 4,e, —B,d, =0.
o

27 ~

From the condition I Pl4 P, =0, and at the same time we can calculate
0

PP* = A,,(A4,cos20+ B, sin20) + A, cos40 + B, sin 40, 4,, = %(Af +B?),
then we know

Aje,—B,d,=0,4, = —%(Bf —A)AB,,B, = —%(Af +B?)*.
Therefore

. . d .
d, c0s 20 +e, sin 20 = ;—Z(Az 08 20+ B, 5in 20) = 2 (4, €05 20+ B, 5in 20). 43 + B} # 0,

2 2
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. . d .
d,cos40+e,sin40 = 2—4(144 cos46+ B, sin46) = A_4 (A, cos40 + B, sin40), 4; + B, #0,

4 4
P,=d,+d,cos20+e,sin20+d, cos40 +e, sin 46

= % (A4, cos26+ B, sin260) + % (A4, cos46+ B, sin40)

2 4 (3)
d, ~ d, -~ ~
= A_ZRPI +A_4(RP13 — 4, RP).
2 4
Substituting (1) into (3), we haveP4 = P1(:uo + /11131 + ﬂ2]312 + ,u31513), where
d, s d d d, d d, , d d
=—2B —— 2B +—2A,B,u=—2>—— A4, +3-2B’, u, =-3—"B,, 1t; =—+.
Ho 4, 1 4, 1 A, 31015 H) 4 4, 31 4, 1> My 4, 1M A,
2 Main Results
Consider the fifth polynomial
{x =—y+x(B(x, )+ B(x,y)+ F(x,)), @
y=x+y(B(x,p)+ B (x,y) + L(x,)),

with R¢ (x,y)= Z E] X' yj , Pi/, are real constants. In this paper, we give a short proof to the following
i+j=n

theorem [9].

2
Theorem. Let I P,d0 =0, then the origin is a center for (5) if and only if
0

27 =9 _ . 2z D2Jj _ .
["BRdo=0G=01),[ RPdo=0(j=12),

and the condition is composition condition.

Proof. The system (4) in polar coordinates ;- and @ becomes

{f =7’P(cosd,sin @)+’ P,(cos 8,sin §) + r° P,(cos 8,sin 6),
0=1,

with,
B, =4, cos@+ B, sind,

P, =a,cos20+b,sin 20,

P, =d,+d,cos20+e,sin20+d, cos40+e,sin40.
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The origin is a center for (4) if and only if the polynomial differential equation

dr . . .

0 7B (cos@,sin )+’ P,(cosb,sin )+’ P,(cosb,sin §), )
have 271 — periodl'c solution in a neighborhood of 7" = 0.
Let 7(6,c¢) be solution of (5) with 7(0,¢) =¢,0< |C| <<1.We write

r(@,0)=> a (6)",

0.0=2a,0) ©

whereq,(0) =1anda,(0) =0for n>1.
The origin is a center if and only if @,;(277) =1 and a”(Zﬂ) =0 forall n>2,neZ".
Substituting (6) into (5), we have
a)+ajc+---+ac"+-=Bc(a, +ac+--+a,c" +-) +Pc’(a, +ac+--+ac' +-)
+Pct(a, +ac+-+a,c" +--0),
Equating the coefficients of € yield

a,=h Zaiaj + P, Zaiaja, + P, Zaiajaka,am, a,(0)=0. %

i+j=n-1 i+j+k=n-2 i+ j+k+l+m=n—4

Solving (7) gives

a, =1,
a,=PFh,

_2 —_—
a, :Pl +P2>

a,=F +2RP+RP,

a, =B +38 R4 2BRE+ R R4S P 4P,

as=R +4R P +4RP, +3R RPR+2RE P+2RP+3RPP+R P,+RRP+3RP,
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a6=E6+SE4E+4E3E+%EZEZ+SE§E+3EZEZPZ+3EZE+2FE3P +2RPP,P,
—— 53 5 - —— =5 5 = =2 5 =
+6RRP+> P +3R R, +3RP,+F P +2F PP +2RP, +6R P,+2PF,

=2

_ P +6P B,+5P BP,+12P P, +15P EP,P,+SE PP, +4P B P,+4R P,

+SPR PP,+8PP, +TPP.P,+3F B P,~3P RP,P,+9P P.P,+2P P P,+4R P PP,

+12R P, P, +4R PP, +§EPZE +3B PP, +3RPP,P, +9RP P +SRP P, +P, P3P PP,

3— —2 2 =

+ BRP, +4PP,P'P,+ P EPP,+10PBP,+10F P, P B,P,

—8 _—6— —5=— _—4—2  35—4—2 _—4— —3=—— —2—2 —
a,=P +TR'P,+6R RP,+SE R B,+=R P, +5 P,+24R, RRP,15R B PP,

325P P +9P PP +10PPPP P +24PPPP +13P PP +12Pl[-{PP +4P P P

+4R RP,P,+12P RP,+8FP, P,P,+8ERP,P,P,+ 4R PP, P, +3E, P, P, +6F, B, PP,

+18P B P, +6P PP, +2PP P, +6BE PP, +3PPP,P, +2BE PP,P,+20P PP,

35— =2— 15=2_—2 I5—2— —4 — —2 —— ) —
+20PP P +§P +9PP, P +— 5 B PP +?P2 P, +3P, PP, +6F P,P,P,+18F PP,

+6PPP +5P PP+5P +PP+4P PP+4P P P+4PPPP+2P PP,

- 2

+4PPPPP +2PPPPP +§P P, +12PPPP +6PPPP +15P P

+24P PP, +4P, P,+2RPP,P,.

We know a,(27) =a,(2r)=a;27)=a,(27)=0.

A bar over a function denotes its indefinite integral.

The three necessary conditions for a center are a,(27) =0,a,(27) =0,a,(27)=0.

Be equivalent to

[ (BR+Rd0)=o0, ®

2r — J— J— — N
[ "(B'R,+2R"PP,+6F P, +2P,Pd6) =0, ©)
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j (P°'P,+4P PP, +4P P, P,+2P PP,PP,+2PP,PP,P,
(10)

+6PP, PP, +15P, P, + 24P, P,P, + 4P, P,d0) =0
From the formula (8), We have condition (I): 4,b, — B,a, = 0, and from the lemma 2,

= a b
Pz:P1(ﬂ'0+/11P)J'0:ﬂ'|Blaﬂ1:A_20r B_2
2 2

From the formulas (9),(10), we have condition (II): (6 + A, )(4,e, —B,d,)=0.

Condition (IID): (A7 +144, +15)(4,e, — B,d,) +44; (dye, = B,d,) = 0.

Now, we prove that these conditions are also sufficient.
If (6+ A,)(A +144, +15) # 0, from the lemma 2 we know

27 —2 4

T—2 20—
PP, =0, P1 P,=0,[ R P =0,
then
P, = P2+ AP), P, =Bty + P+ 1,B’ + 1,B’),

where A.(i=0,1), 1£(i=0,1,2,3) are constants.

If (6+4,)(A +142, +15) = 0, we calculate the fourth necessary condition a,,(27) =0,

be equivalent to

r — —6 — 5= —y  — 3=— — —p=—2 — — —_
["(B'P,+B'PP, +4R BR,P, +12B PP, +12P, RPPP,+2F, RP, P,+8F PP, +6ERPRP,

+2P'P’BP,+2P PP, +4P B P,P,P,+4PP,PP,P, +20BP,P,BP,+12P P _P,P,+32F BP,PP,

+12P PP +4PPP +28P P +88P PP +85P P P +40P PPP +8P P +4F R P PP,

+31P PPP +26P FP, P)dt9 0,

then we have condition (IV):

1669 367 P

(4 +

when

A 604+ )" de9+( 2 +12222)[. B'Pd0+(12+24)[ B BRdO=0,
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27—

6 2r—4
(6+A4,)(A +14, +15) =0, we can obtain J'O PP = O’.[o PP =0.
Then from the lemma 2 sufficiency has been demonstrated.

3 Conclusion

Therefore, for this class of quintic differential system, we have proved that the necessary and sufficient
27T —n; 27—, .

conditions for the origin to be centered are L PYPdO=0(i=0,), IO PYPdO=0,(j=1,2). This

allows us to use the method of research for the study of higher order differential system.
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